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Kurzfassung
In dieser Arbeit wird ein Modell fu¨r die simultane Kopplung des Spannungsverformungsver-
haltens, der Abbauprozesse und der Transportprozesse in Deponien vorgestellt. Das Mod-
ell ist im Rahmen der Theorie Poro¨ser Medien entwickelt. Die Interaktionen sind mit der
Kopplung der physikalischen Felder u¨ber ein repra¨sentatives Elementarvolumen beru¨ck-
sichtigt. Ein zweistufiges Abbaumodell beschreibt den anaeroben Abbau der Organik
und die Wa¨rmeentwicklung infolge exothermer Reaktionen. Mehrphasentransport und
physikalische Austauschprozesse sind beschrieben. In Kooperation mit der Edinburgh
Napier University werden Versuche zum Wasserru¨ckhaltevermo¨gen von Abfall durch-
gefu¨hrt. Ein Kompaktionsmodell wird vorgestellt, bei dem die Kompaktionsrate nicht
nur von der Spannung, sondern auch von der Dichte der festen Substanz abha¨ngt. Dies
ermo¨glicht die direkte Kopplung an das Reaktionsmodell und damit die Beschreibung
abbauinduzierter Setzungen. Der Einfluss der Verformung auf die Porosita¨t und die Per-
meabilita¨t sind beru¨cksichtigt. Das Konzept der effektiven Spannungen erlaubt zusammen
mit dem Kompaktionsmodell die getrennnte Beschreibung von Setzungsmechanismen. Fu¨r
die ra¨umliche Diskretisierung der Bilanzgleichungen wird eine Kombination der Finite-
Elemente Methode und des Box-Verfahrens verwendet. Das Modell wird anhand von
Laborversuchen validiert. Anwendungen auf Deponiestrukturen beinhalten die Langzeit-
Prognose von Setzungen, die Untersuchung eines Gasfassungsystems und die Modellierung
der aktiven Bewa¨sserung auf Deponien zur Beschleunigung der Abbauprozesse.
Abstract
In this thesis a model for the complex interactions between deformation, degradation and
transport processe in municipal solid waste landfills is presented. Key aspects of the model
are a joint continuum mechanical framework and a monolithic solution of the governing
equations within the Theory of Porous Media. Interactions are considered by coupling
the governing physical fields over the domain of a representative elementary volume via
selected state variables. A simplified two-stage degradation model describes anaerobic
biological processes. Heat generation from exothermic reactions is considered. Transport
of the leachate and the landfill gas are described by means of a generalised Darcy law
and the influence of deformation on the hydraulic properties is considered. In cooperation
with Edinburgh Napier University experiments on the moisture retention properties of
waste are performed. The model for stress-deformation behaviour includes a novel creep
model which combines stress-dependency of creep rate with density-dependency. Via the
solid dry bulk density, the creep rate is coupled to degradation which enables description
of degradation-induced settlements. The concept of effective stress is included in the
mechanical equilibrium and thus a separate description of separate settlement phenomena
is enabled. A combination of the Finite-Element method and the Box method in an ALE
formulation is applied for spatial discretisation of the governing physical fields. The model
is verified and validated against a benchmark for multiphase flow and a waste lysimeter
experiment. Analyses of a landfill structure show the capabilities of the model in the
estimation of long-term settlements, in the description of a gas extraction system and in
modelling of an infiltration layer.
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1 Introduction
1.1 Background
Initiation of modern sanitary landfilling in Germany can be considered to go back to the
1950s when the economic miracle (Wirtschaftswunder) is under way. Waste amounts heav-
ily increase at that time and, thus, a more systematically organised waste collection system
is established. Joint waste management authorities are founded and the former disposal
sites, mainly open, community-based dumps, are replaced by the first sanitary landfills
in the late 1960s/early 1970s, e.g. AWG [7]. Currently, an opposite trend is observable.
One aim of German resource management policy is to stop landfilling of municipal solid
waste (MSW) totally until the year 2020. Disposal quota of MSW drops already from
almost 40% in 1997 to less than 1% in 2006, UBA [230], which is partly the consequence
of an obligation to pre-treatment since June 2005. Also, other countries undertake efforts
to increase pre-treatment. Sustainable waste mangement policy according to Agenda 21
places waste minimisation ahead of recycling and treatment or disposal. The idea of urban
mining comes up in order to utilise the resource potential of landfills. Thus, it is sometimes
argued, that in a short term, there is no more object of application for landfill models.
Furthermore, it is often regarded impossible to develop a model for such heterogeneous
and complex systems like MSW landfills. So, in response to the question whether there
is still the need for research on landfill modelling it may be considered that, despite all
efforts, landfilling remains a major way of waste treatment, especially in developing and
industrialising countries. According to GTZ website [94], waste composition is becoming
more and more complex and waste amounts are increasing. In its guidelines on waste
management, GTZ [93] considers landfills to be an indispensable part of each waste man-
agement system. For foreseeable future, the disposal of a non-recycable waste fraction
will be necessary. Especially in low-income countries, disposal is often the best available
technology for waste treatment.
Furthermore, in the industrialised countries, the landfills that had been built previously
are still present. By now, it remains unknown for how long those landfills have to be
monitored as existing landfill sites are still in aftercare period, Heyer [105]. With respect
to monitoring and structural health, landfill operators are especially interested in quan-
tification of gaseous emissions and settlements, in the assessment of landfill body stability
and in leachate volume and composition, as visualised in figure 1.1.
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Figure 1.1: Major phenomena in landfills
The monitoring issue is addressed by the collaborative research centre SFB 477 - Life
Cycle Assessment of Structures via Innovative Monitoring which starts at the Technische
Universita¨t Braunschweig in 1998. The aim is to develop new methods for structural
health assessment. The damage potential of landfill structures is ranked high, and so
landfill engineering becomes, besides classical structural engineering, one major branch
of SFB 477. Within project B6 of SFB 477, models for long-term landfill behaviour are
developed at the Institute of Structural Analysis in cooperation with the Institute of
Biochemical Engineering and the Leichtweiß-Institute. Development starts with models
for both time-dependent mechanical behaviour and reactive transport processes. Based
on the findings from modelling single and less coupled phenomena, a fully coupled model
is developed which is the topic of this thesis.
1.2 Motivation and Objective
As discussed above, municipal solid waste (MSW) landfills are civil engineering structures
requiring appropriate methods for design and monitoring. According to recent regulations,
cf. the new German landfill act (Verordnung zur Vereinfachung des Deponierechts, 27.
April 2009, BGBl. 2009 I, S. 900, operative since 16th July 2009), the required detailed-
ness of measurements and data acquisition is increased, including also a waste cadastre.
To accompany the regulatory demand by simulations, methods have to be applied which
can process spatially varying information. In that sense, waste heterogeneity is not nec-
essarily an obstacle to modelling, but clearly promotes development of models that allow
for consideration of spatially distributed data.
The transient behaviour of landfills is very complex as major phenomena may be coupled
in different ways. As shown in figure 1.2, the observable phenomena can be split up into
three major parts: mechanical, hydraulical and biochemical processes. If they influence
each other directly or indirectly, models for single phenomena might give inaccurate prog-
noses. In a landfill, organic matter is usually decomposed under anaerobic conditions.
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Landfill gas, which contains mainly methane and carbon dioxide, is generated. Reaction
rates are influenced by environmental conditions like water content, temperature and
pH. If deformation changes the hydraulic properties, reactions are affected indirectly by
transport processes. If solid matter is degraded, the material becomes more loose which
increases its compressibility. Thus, long-term settlements might occur due to biological
decomposition as shown in laboratory tests and site measurements, see section 5.1.3. Fur-
thermore, slope stability might be influenced by infiltrating liquid or degradation-induced
change of the waste’s structure. The proposed coupled model covers the major phenomena
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Figure 1.2: Interactions of major coupled phenomena in landfills
depicted in figure 1.2 including main interactions. Thereby, the governing equations are
coupled strongly by a simultaneous solution procedure within a joint mechanical frame-
work. Compared to a partitioned strategy, simultaneous solution may exhibit better con-
vergence properties in case of strong interactions. The developed model serves, together
with information on landfill site data, as a basis for recommendations on monitoring of
landfills.
The complexity of the processes is not necessarily an obstacle to modelling but in turn
it may be regarded as an argument for modelling. The process of model development
helps identifying lacks in knowledge and experimental evidence. Modelling may define
experimental demand and helps to improve and optimise experimental design. Although
models will not replace experiments totally, models which are calibrated against experi-
ments can assist in planning of experimental routes. Considering that some experiments,
like oedometric tests or tensile tests, can be very time consuming, effective experimental
planning is of high importance.
Many of the existing models are based on a partitioned solution of the coupled pro-
blem. Often empirical functions are used to consider aspects of coupling. For instance,
hydraulic conductivity is sometimes related to landfill depths. If the model does not in-
clude the evolution of density due to overburden pressure, changes in compaction and
conductivity cannot be directly considered. If settlements are related to a constant degra-
dation rate of biological matter, a change in environmental conditions has to be taken
into account. Thus, it is the objective of this thesis to develop a coupled model whithin a
unified continuum mechanical framework with the application of a simultaneous solution
procedure.
3
1.3 State of the Art
The development of mathematical models for landfill behaviour starts in the 1970s with
more or less empirical models for single processes. Areas of interest are especially the
gas production of landfills, surface settlements and water balance. More advanced models
concentrate both on a refinement of the description of single processes itself, for example a
more detailed reaction scheme, and on coupling of different processes that are considered
isolated before. Models for single phenomena may be classified according to the three
major phenomena into models for
1) the mechanical behaviour,
2) transport processes of different fluid phases,
3) and biodegradation.
Models for single processes are explained in conjunction with description of constitutive
modelling, i.e. in chapters 3, 4 and 5. The term coupled model refers to models that couple
at least two of the major processes as itemised above.
Models for multifield and multiphysics problems are of high importance for description
of various materials, like soil, living tissue, concrete or metal foams. Many approaches
from those fields can be adopted for landfill modelling, whereas the focus is ususally laid
on geomaterials because of their similarities to MSW. Coupled processes in geomaterials
are described, for example, in the fields of reservoir engineering, site remediation, assess-
ment of radioactive waste repositories or geotechnical engineering for unsaturated soils.
The increasing interest on thermal and chemical effects gives rise to development of so-
called THMC models that describe coupled thermal, hydraulical, mechanical and chemical
processes. The latter is addressed by the project DECOVALEX, an international joint
research center on the DEvelopment of COupled models and their VALidation against
EXperiments in nuclear waste isolation. The research group focuses on development of
models for geotechnical and geological barriers and fractured rocks, Birkholzer et al. [23].
For recent developments in unsaturated soil mechanics, the reader may be referred to
the publications by the members of the research group Mechanics of Unsaturated Soils,
Schanz [208], or on the publications of the network ALERT Geomaterials, e.g. Laloui
et al. [137], and references herein.
Whereas most models are based on a macroscopic description within the Theory of Porous
Media or the Theory of Mixtures, e.g. the models by Collin et al. [41], Ricken and de Boer
[198], Ehlers et al. [61], Graf [91], Schrefler [211], Francois and Laloui [81], Chen et al. [39]
or Francois et al. [82], there are also approaches on microscopic level. As such, Papafotiou
et al. [191] simulate the drainage of heterogeneous porous media by the Lattice-Boltzmann
method. The results are validated against a drainage experiment using X-rays of the used
sand to enable a discrete modelling of the pore space. Similarly, Narsilio et al. [181] utilise
CT scans for comparing Darcy flow with the solution obtained from solving the Navier-
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Stokes equations. In general, such approaches are also conceivable for waste, CT scans of
waste samples are presented by Watson et al. [240]. In practice, however, the exact pore
structure is not known.
When reviewing coupled models for waste, certain main interactions of interest can be
identified, the
- coupling of flow processes with degradation,
- coupling of deformation and degradation,
- and coupling of all three major processes, i.e. deformation, transport and degrada-
tion
Considerably less models exist which cover coupling of deformation and transport only.
The following paragraphs review some of the coupled models developed for an application
on municipal solid waste.
Models for Reactive Transport One of the first publications on coupling of trans-
port and degradation is published by Straub and Lynch [221]. Both aerobic and anaerobic
processes are described using Monod kinetics. Moisture movement is assumed to follow
Darcy’s law, whereas the gas phase remains passive. The solubilisation of gaseous compo-
nents is considered by means of Henry’s law. Similarly, Demetracopoulos et al. [49] describe
both moisture movement and leachate production including organic contaminant concen-
trations. El-Fadel et al. [65] couple degradation with convective gas transport according
to Darcy and diffusive gas flow. Also, seven carbon sources are considered in their degra-
dation model. Several models for reactive gas transport in waste are reviewed by El-Fadel
et al. [68]. Oldenburg [187] and Oldenburg et al. [186] consider coupled reactions and
transport in the model TOUGH2. Compaction is described by a simple uncoupled model.
Heat generation, due to both aerobic and anaerobic processes, is described, whereas again
Monod kinetics are used for determination of degradation rates considering temperature
dependency. The pH is estimated using charge balances, but its influence on reactions is
neglected.
Islam and Singhal [117] present a model for one-dimensional reactive transport of leachate
containing different components. They consider the interactions between microbial redox
reactions and inorganic geochemical reactions. Change of porosity and permeability due
to biomass growth and minerals are described. A bioclogging module for existing multi-
phase flow codes is presented by Brovelli et al. [32]. Clogging is also the driving force for
development of the model BioClog by Cooke et al. [42], in which clogging, driven by mi-
crobial growth, is coupled with solute transport. Detachment of biofilm due to shear stress
and adsorption of suspended particles is described as well. The porosity is directly deter-
mined from the biofilm thickness and a model for grain package. Recently, Gholamifard
et al. [90] present a model for anaerobic degradation in landfills coupled with multiphase
flow based on Darcy’s law. The degradation model consists of a hydrolysis step and a gas
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generation step, whereas generation of heat is considered. The model is validated against
measurements in a pilot bioreactor landfill.
Within SFB 477, a model for coupled degradation and transport is developed by Hanel
[99] which includes a comparison of a detailed and a reduced two stage reaction scheme.
Based on Hanel’s work, growth of biofilm and its influence on porosity and permeability
is investigated by Kindlein et al. [125].
Coupling Mechanical Behaviour and Degradation Several attempts are made to
analyse the influence of degradation, especially on settlements. A basic approach is to
assume that secondary settlement follows the kinetics of biological degradation. Thus,
formulations for the secondary settlement are often derived from first order kinetics, as
for example in the models by Park and Lee [193], Oweis [190] or Hettiarachchi et al.
[104]. The coupling of settlement and degradation, thus, starts with implementing simple
degradation models into empirical settlement models or vice versa. Another widely used
assumption is that secondary settlement is linear with respect to logarithm of time, e.g.
in the approach by Wall and Zeiss [237] who investigate the relation of degradation and
settlement in lysimeters. Secondary compression may then be defined by a secondary
compression ratio. For a recent overview on settlement models with special focus on
degradation induced settlements the reader may be referred to Elagroudy et al. [70].
Machado et al. [152] adopt an idea by McDougall [157] and use a void change parameter
to model secondary compression. Mass loss is described by a first order decay model. A
novel aspect is to take into account the influence of changes in the fibrous fraction on the
mechanical strength properties of municipal solid waste.
Interaction of Transport and Deformation Bleiker et al. [26] adopt the Gibson-
Lo model to evaluate settlements and consider that a refuse column is made up of a
series of layers by which they include landfill construction history into their calculations.
Strain, which is dependent on depth, is used to update densities and to consider changes
in hydraulic conductivity. Demirekler et al. [50] present a model of water balance type
with consideration of the time dependent construction of a landfill. Each cell is divided
into layers, whereas each layer represents a single-mixed reactor. Vertical stresses, which
depend on the density of waste mass, influence the saturated hydraulic conductivity.
Koerner and Soong [131] describe scenarios of leachate distribution in landfills and analyse
their effect on landfill stability by means of a two dimensional modified Bishop method.
A basic coupling between deformation and transport is presented by De Vela´squez et al.
[48] who implement the variation of field capacity with depth in a water balance model.
Within SFB 477, the coupling of transport and deformation is included by Bente et al.
[21] and Krase [135].
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Coupling Mechanical Behaviour, Transport and Degradation One of the ear-
liest, very comprehensive coupled model, is presented by Young and Davies [246]. Their
work is based on the conviction that single processes should not be considered isolated
from each other because of significant interactions. The developed model describes mois-
ture and gas transport, heat flow and extraction of gas by means of a system of wells.
The transfer between gas and liquid phase is described using Henry’s law. In the degra-
dation module, eight basic reactions are considered. The influence of pH and temperature
on degradation rates is described. Three-dimensional analyses are conducted using the
Finite-Element method. The model is validated against measurements on-site and rec-
ommendations on monitoring are given. In addition, a one-dimensional double-porosity
model is tested, whereas the authors conclude that, at least for applications on capped
landfills, a single-porosity model can sufficiently describe water movement.
In general, increasing interest of researchers on coupled phenomena in waste and their
modelling is observable. This is, for example, proven by the response to a modelling chal-
lenge organised by the University of Southampton, Beaven [14]. MODUELO is a three-
dimensional model developed at the University of Cantabria. The first version consists of
a hydrological module, see Garcia de Cortazar et al. [86], and a model for degradation,
Garcia de Cortazar et al. [87]. The model is able to reproduce the filling history of a land-
fill site. Besides moisture storage and transport, the water balance of each cell includes
precipitation, surface runoff and evaporation. Horizontal and vertical moisture flow are
modelled separately and are based on Darcy’s law. It is supposed that anaerobic degra-
dation of organic matter can be described by two steps, hydrolysis and gasification. For
both steps, first order kinetics are applied. The model is calibrated using data on leachate
characteristics from a Spanish landfill. Later, MODUELO is modified and extended by
Garcia de Cortazar and Monzon [85] and published under the name MODUELO2. The
extended version includes a relation of hydraulic conductivity to landfill depth. The meth-
ods for taking into account evapotranspiration and surface runoff are modified and waste
components can be described in a more detailed manner. Reaction processes and stoi-
chometry are extended to a scheme of three stages and seven processes. The influence of
moisture content on hydrolysis rate is considered. A settlement model, which accounts
for the influence of degradation, is included and is considered as being a part of future
MODUELO3, see Lobo et al. [145].
Hashemi et al. [100] present a three-dimensional model for gas generation and transport
of four components, CH4, CO2, N2 and O2, whereas they assume steady state conditions.
Convective and diffusive flow of gas is described. The model accounts for different horizon-
tal and vertical permeabilities. Degradation of three types of waste, readily, moderately
and least degradable, is described by means of Monod kinetics, in which a constant biomass
concentration is assumed. The balance equation for gas flow is discretised by means of
a Finite-Volumes scheme. For solving the nonlinearities, a conjugate gradient method is
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used. Several parameter settings and boundary conditions are investigated within an ap-
plication of the model on a landfill site. The model is extended to transient conditions
by Sanchez et al. [206]. Furthermore, the effect of mechanical dispersion is analysed. In a
subsequent paper, Sanchez et al. [207], genetic algoritms are used to find optimal param-
eters for gas production.
A two-dimensional model is presented by White et al. [243] that is later known under
the acronym LDAT. The stoichiometry follows the model by Young and Davies, whereas
Monod kinetics are used. The growth rate of methanogenic biomass is limited depen-
dent on pH. An empirical dependency of dry density and permeability on effective stress
is implemented. The effective stress is evaluated based on total stress and pore pressure.
Transport of liquid and gas is considered, whereas it is assumed that gas is at atmospheric
pressure due to instantaneous ventilation; capillary effects are not described. Extensions
of the model are published by White et al. [242]. The modified version considers three
dimensions and the evaluation of pH by an ion balance. Additional pathways are added
to describe aeration including aerobic degradation, Nayagum et al. [182]. Settlements are
linked to degradation by solid mass loss.
Liu et al. [144] apply unsaturated consolidation theory in one dimension. They assume
that no excess pore pressures are generated within the landfill. They formulate a differ-
ential equation for the gas pressure and provide an analytical solution. The change of gas
volume is related to volumetric strain. Model simulations are compared within two field
cases. They note that two- or three-dimensional models are necessary and that there is a
need for more geotechnical data.
The model HBM presented by McDougall and Hay [158] and McDougall [157] couples
hydraulical processes, degradation and mechanical behaviour within a staggered solution
procedure. The Cam clay model is used to describe plastic deformations. To investigate
how solid mass loss caused by biodegradation is transferred into settlements, a void change
parameter is introduced. It describes the loosening or densification during degradation and
the influence on combined isotropic and kinematic hardening. Another essential part of
the model is the consideration of a landfill’s construction history.
Machado et al. [152] pick up the work by McDougall and consider the effect of degradation
on settlements in a similar manner by applying a void change parameter. The parameter
α is assumed to be proportional to degraded solid waste mass, which is described by a
first order decay model. Influence of degradation on deviatoric stresses of the fibres is
modelled as well. Furthermore, the effect of mass loss on the volume fractions of fibres
and paste as well as the effect of degradation on maximum deviatoric stress and Young’s
modulus is described. Machado et al. use data from triaxial tests for model validation.
One of the first approaches on coupling the major phenomena in a strong, simultaneous
procedure is presented by Ricken and Ustohalova [199] and Ustohalova et al. [233]. A mod-
ified version of the model is later published under the name DepSim. The tri-phase model
8
is developed within the Theory of Porous Media, whereas its thermodynamic consistency
is proven by fulfilling the entropy inequality. Applications of the model are presented by
Ustohalova [232] and Ricken et al. [200].
Durmusoglu et al. [55] present a multiphase model which couples gas production with
liquid and gas flow according to Darcys law considering capillary effects. Time-dependent
deformation is modelled using Maxwell’s rheology. A Bishop-type effective stress is used.
To the author’s knowledge, this is, besides the model developed in the SFB 477, the
only model which includes an effective stress concept for unsaturated conditions. The
balance equations are solved by means of the Finite-Element Method for one dimension.
The model is applied on a hypothetical landfill, whereas results for deformable and rigid
solid skeleton are compared. The authors conclude that coupling of gas generation and
deformation is important for obtaining realistic simulation results. Later, settlements for
unsaturated and saturated conditions are compared by Durmusoglu et al. [56].
Yu et al. [247] develop a model for analysing the gas flow to a gas extraction well in a
deformable landfill. Mechanical behaviour is described by a series connection of a Hooke
and a Kelvin element. The rheological element enables description of primary and sec-
ondary settlements. The authors consider the waste to have a mean moisture content of
55 % dry mass and conclude that the effect of suction on compression is negligible in
that range referring to the data by Kazimoglu [122]. The constitutive law for compression
is coupled with the gas balance. They assume isothermal conditions, constant porosity
and saturation. Also, degradation rates and gas conductivity of the waste are assumed to
be constant. They compare numerical results with an analytical solution and with field
measurements of gas flux and settlement. Recommendations according to the design of
the gas extraction system are given based on parameter studies according to the effect of
operational vacuum, anisotropy of permeability and cover properties.
Berger and Krause [22] present a model for self-ignition of disposals which covers self-
heating, ignition and fire propagation. The model is implemented into the multiphysics
software COMSOL.
1.4 Outline of the Thesis
The model developed within SFB 477 is extended to a full coupling of mechanical, hy-
draulical and biological processes based on the work by Hanel [99], Kindlein et al. [125],
Ebers-Ernst [58] and Krase [135]. An important aspect is to describe the interaction of
degradation and mechanics by a density-dependent creep model and the description of
deformation-dependent hydraulic parameters.
The explanation of the developed model starts with an introduction into the continuum
mechanical framework in chapter 2, in which also the methods for discretisation in space
and time are discussed. The next three chapters describe the phenomenological behaviour
of waste and its constitutive modelling starting with the local degradation model in chap-
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ter 3. The aspects of moisture storage and movement in waste are discussed in chapter
4. The third major part of the constitutive model is the mechanical behaviour described
in chapter 5. An essential part is the development of a novel creep model to cover degra-
dation induced settlements. Based on the constitutive approach, the balance equations,
which are derived in a general form in chapter 2, are formulated in detail in chapter 6. The
iterative solution procedure is explained as well. In chapter 7, laboratory tests are used
for validation of the model. The simulations are supplemented by analyses of a landfill
structure. Based on the experiences gained in literature review, development and appli-
cation, some aspects of landfill modelling are critically discussed. The chapter closes with
recommendations on monitoring and an outlook on possible model extensions.
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2 Continuum Mechanical Fundamentals
The proposed model treats municipal solid waste as a continuum within the Theory of
Porous Media. Finite strains are considered in the description of deformation and stresses.
The chapter closes with a derivation of general balance equations for a triphasic model.
Thereby, a Lagrangian description of the solid skeleton is combined with an Arbitrary
Lagrangian-Eulerian description of the fluid phases and their components. For an overview
of the Theory of Mixtures the reader is referred to Bowen [30], recent developments in
the Theory of Porous Media are for example explained by de Boer [47].
2.1 Theory of Porous Media
As already indicated in chapter 1, municipal solid waste is a porous material consisting
of a solid skeleton and a pore space. The microscopic view in figure 2.1 visualises that
the solid phase consists of several components. According to the shape of the solid par-
ticles, granular, soil-like particles can be distinguished from elongate, fibrous particles.
Furthermore, the solid matter may be divided with respect to biological degradability,
so that inert matter, organic matter and biomass are distinguished. In general, two fluid
phases, leachate and landfill gas, fill the pore space. Both fluid phases are formed by sev-
eral chemical substances, whereas the composition changes due to ongoing degradation
and physical exchange processes.
The objective of avoiding a discrete description of all constituents requires a method which
enables a virtual homogenisation of the material. Municipal solid waste then can be de-
scribed adopting the continuum mechanical framework for single constituent materials. In
this thesis, the Theory of Porous Media is applied. It is based on the Theory of Mixtures
whereas the portions of the mixture’s constituents are restricted by the Concept of Vol-
ume Fractions. The constituents are homogenised over a control volume, which is termed
Representative Elementary Volume, REV. The size of the REV depends on the spatial
variation of properties or the waste’s composition. Uguccioni and Zeiss [231] recommend
averaging of flow parameters over the area of one to ten m2 with respect to waste. The
REV determines the scale of uniform properties and does in general not coincide with any
numerical discretisation. At a spatial point x, all constituents exist simultaneously with
their volume fraction. This approach is also termed superimposed continua. A prerequi-
site is that the homogenisation process is possible and valid for description of the selected
phenomena.
The constituents α of the waste mixture are divided both into components β and phases pi.
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Figure 2.1: Microscopic view and homogenisation
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Figure 2.2: Breakdown of mixture into constituents, phases and components
The term phase is related to the aggregate state, components are the substances which
form the phases. The components themselves thus belong to distinct phases whereas also
phase changes are possible.
Due to the homogenisation, the exact discrete distribution of all constituents may remain
unknown, each of them is considered only by its volume fraction nα, see figure 2.1, macro-
scopic view.
As indicated, the developed model considers three phases: one solid (s) and two fluid
phases, namely liquid (l) and gas (g). The components of each phase are defined by the
detailedness of the constitutive model and are discussed in chapters 3 to 5. Each con-
stituent α, each phase pi and each component β occupy a certain volume dvα, dvpi and
dvβ. The particular volume fractions nα, npi and nβ are defined by
nα =
dvα
dv
, nβ =
dvβ
dv
and npi =
dvpi
dv
. (2.1)
The saturation constraint demands that the sum of all volume fractions is equal to unity
∑
α
nα = 1 and
∑
β
nβ = 1 and
∑
pi
npi = 1 . (2.2)
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The sum of the volume fractions of the fluid phases is related to the porosity φ which is
the fraction of the pore volume dvp and defined by
φ =
dvl + dvg
dv
=
dvp
dv
= nl + ng = 1− ns . (2.3)
The volume fractions of the fluid phases are often expressed in terms of the saturation,
which is described by
Sl =
dvl
dvp
=
nl
np
and Sg =
dvg
dvp
=
ng
np
, whereas Sl + Sg = 1 . (2.4)
For Sl = 1 the porous medium is fully saturated, for Sl = 0 the material is dry. Intermedi-
ate states are called unsaturated or partially saturated. If the constituents are immiscible,
they occupy their own partial volume and different densities can be defined. The intrinsic
density or real density ρ˜α relates the mass of a constituent α to the volume occupied by
the constituent. The partial density ρα relates the mass to the total volume, whereas both
density measures can be transformed into each other by the volume fraction
ρ˜α =
mα
dvα
and ρα =
mα
dv
, whith ρα = nαρ˜α . (2.5)
The partial density corresponds to the bulk density. If the constituent α is incompressible,
the intrinsic density is constant, whereas the partial density may still change due to
a change in volume fraction. Like for the volume fractions, the partial densities of all
constitutents add up to 1.
2.2 Fundamentals of large strain continuum mechanics
Municipal solid waste is, in general, exposed to large deformations. This requires to
develop the model within continuum mechanics for finite deformations including large
strains. The present section briefly explains important quantities of this theory. For more
detailed information on large strain continuum mechanics as well as proofs of the relations
used herein the reader is referred to Haupt [101], Bonet and Wood [29], Holzapfel [107] or
Parisch [192]. Subscripts are used if kinematic quantities are described, other quantities
are identified by superscripts.
2.2.1 Description of motion
In the most general case, each of the constituents may follow its own motion χα, as
shown in figure 2.3, left. For the description of motion, material points Xα, which refer
to a material particle, and points defined by spatial coordinates x are distinguished. The
motion of the continuum may, on the one hand, be described by a mapping of a material
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Figure 2.3: Motion functions and configurations (left) and change of a vector described
by the deformation gradient (right)
point, identified by Xα, to a spatial point x
x = χα(Xα, t) , (2.6)
which is known as material or Lagrangian description of motion. In other words, an
observer is fixed to a material particle and moves with this particle. On the other hand,
the mapping
Xα = χ
−1
α (x, t) (2.7)
identifies the material points which pass the spatial point x at time t by their position
in the reference configuration Xα. Any observer is thus fixed to a particular point in
space, which is known as Eulerian description. Correspondingly, physical quantities ψ of
the form ψ = ψ(Xα, t) are termed Lagrangian, and quantities of the form ψ = ψ(x, t)
are termed Eulerian. It is also possible to consider a method in between those two cases.
Such a method is the Arbitrary Lagrangian-Eulerian method, which is used to derive the
balance equations for the fluid phases in section 2.3.3.
The displacement vector uα is defined by
uα = x−Xα . (2.8)
The gradient of the displacement vector with respect to the reference configuration can
be used to determine the deformation gradient F. This quantity describes the change of
the relative spatial position of two particles before and after deformation, i.e. in reference
and current configuration. Independent motion functions result in independent velocity
fields and deformation gradients. Fα is defined by
Fα =
∂x
∂Xα
= 1+Grad αuα = Grad αx . (2.9)
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The deformation gradient enables transformation of volume elements dVα and surface
elements dAα between the configurations
dv = detFαdVα and n da = detFα(Fα)
−TN dAα , (2.10)
where n and N are normal vectors to the surface element in its material and spatial
configuration respectively. The latter equation is known as Nanson’s formula.
The velocity of phase pi is given by the time derivative of the spatial position vector
vpi =
dx
dt
=
d
dt
χpi(Xpi, t) . (2.11)
In general, the velocity of a component β may not coincide with the velocity of a phase
pi, for example for diffusive and dispersive transport processes. Then, relative velocities
are defined by
vβpi = vβ − vpi . (2.12)
Lagrangian and Eulerian representations of a quantity lead to different time derivatives.
The material time derivative of a material quantity ψβ coincides with the local time
derivative
dψβ
dt
=
∂ψβ
∂t
= ψ˙β , (2.13)
whereas the time derivative of the corresponding spatial quantity for an observer moving
with the pi phase consists of the local variation plus a convective term, which accounts
for the change in ψβ due to motion in space with the velocity vpi
dψβ
dt
∣∣∣∣
pi
=
∂ψβ
∂t
+ grad ψβ ·vpi . (2.14)
2.2.2 Strain measures
The scalar products of two vectorial line elements dx and dXα are used to define the right
Cauchy-Green tensor Cα
Cα = (Fα)
TFα where dx dx = dXα Cα dXα , (2.15)
and the left Cauchy-Green tensor bα
bα = Fα(Fα)
T where dXα dXα = dx (bα)
−1 dx , (2.16)
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which serve as measures of strain. The difference of the scalar products of the vectorial
line elements is used to define the Lagrangian or Green strain tensor Eα
Eα =
1
2
(Cα − 1) such that 1
2
(dx dx− dXα dXα) = dXα Eα dXα , (2.17)
and the Eulerian or Almansi strain tensor Aα
Aα =
1
2
(1− (bα)−1) such that 1
2
(dx dx− dXα dXα) = dx Aα dx . (2.18)
The well-known engineering strain is a special case of the large strain quantities and can
be derived for small strains neglecting terms of higher order.
Constitutive modelling of time-dependent deformation requires definition of time deriva-
tives of deformation and strain tensors. The spatial velocity gradient Lα = grad vα de-
scribes the change in length and orientation of a vectorial line element dx with time
dx˙ =
∂Fα
∂t
· dXα = ∂Fα
∂t
· (Fα)−1dx = Lα · dx . (2.19)
The tensor Lα can be split up into the symmetric tensorDα, which is the spatial stretching
tensor describing the change in length, and the skew-symmetric tensor Wα, which de-
scribes the rotational change and is termed vorticity tensor. The spatial stretching tensor
can also be expressed using the material time derivative of the Green strain tensor E˙α,
with
E˙α =
1
2
((F˙α)
TFα + (Fα)
T F˙α) , (2.20)
so that
Dα = (Fα)
−T · E˙α · (Fα)−1 . (2.21)
To describe the time-dependent deformation in a way which is not dependent on the
relative motion of any observer, objective tensor quantities are required. Objective time
derivatives of tensorial fields are obtained applying the Lie time derivative. For the Al-
mansi strain tensor this is
M
Aα = Aα
∣∣∣∣
α
+Aα ·Lα + (Lα)T ·Aα , (2.22)
whereas
M
Aα coincides with the covariant Oldroyd rate of the Almansi strain tensor.
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2.2.3 Stress tensors
Analogously to the strain measures, stress tensors are defined both on the material and
on the spatial configuration. The partial Cauchy-stress
∨
Tα, determines the stress state in
a spatial point and refers to the surface element da in the current configuration as shown
in figure 2.4. Thus, the traction vector tα, which acts on the element da, can be evaluated
by
tαda =
∨
Tα n da = Pα N dA . (2.23)
Cauchy stresses are often termed true stresses as they act on the deformed surface element.
The partial Cauchy stress
∨
Tα acts on the area of the mixture whereas Tα is defined as
the partial stress acting on the area of the constitutent α. The two tensors are related by
∨
Tα = Tα ·nα . (2.24)
The first Piola-Kirchhoff stress tensor Pα, given by
Pα = detFα ·Tα ·F−Tα , (2.25)
measures with the undeformed surface element, but the corresponding traction vector,
see (2.23), acts on the current configuration as well. The tensor Pα is a two-field stress
tensor and has a non-symmetric coefficient matrix. With a pull-back, a transformation
x
1
x
2x
3
n
t
da
x
Figure 2.4: Stress state and traction vector
of a spatial quantity to a material quantity, the symmetric second Piola-Kirchhoff stress
tensor Sα is given by
Sα = detFα ·F−1α ·Tα ·F−Tα . (2.26)
Another important quantity is the Kirchhoff stress tensor T˜α, also termed weighted
Cauchy stress tensor, which is
T˜α = detFα ·Tα . (2.27)
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The sum of the partial stresses
∨
Tα equals the total stress of the mixture T
∑
α
∨
Tα = T . (2.28)
2.3 Balance equations for a three-phase model
The Principle of Virtual Work is formulated for a triphasic model together with equations
of conservation of mass, momentum and energy considering a solid, a liquid and a gas
phase. The balance equations refer to different reference systems. For general derivation
of balance laws for mixtures the reader is referred to de Boer [47] or Lewis and Schrefler
[142].
The macroscopic approach of the Theory of Porous Media with its superimposed continua
implies a volume-coupled approach. Thereby, overlying physical fields are coupled by joint
state variables. Another strategy is a discrete description of the constituents with a cou-
pling over the interfaces, i.e. the boundaries of the phases.
In this thesis, a Lagrangian description of the solid skeleton is combined with an ALE
description of the fluid phases, whereas the reference configuration is the current config-
uration of the solid phase.
The description of boundary conditions is explained in section 6.1 after constitutive rela-
tions are included in the approach.
2.3.1 Principle of Virtual Work for the mixture
The Principle of Virtual Work is equivalent to the equilibrium of forces. Its Total La-
grangian representation (2.29) is applied here to desribe the balance of internal and ex-
ternal forces considering the mixture as a whole. Due to consideration of large strains and
nonlinear material behaviour the virtual work is nonlinear with respect to both the kine-
matics and the material. A derivation of the Principle of Virtual Work from the balance
of momentum can be found in Bathe [10] or Parisch [192]∫
V0
δE : S dV︸ ︷︷ ︸
virtual internal work
+
∫
V0
δu ρref δu¨ dV︸ ︷︷ ︸
work of inertia forces
=
∫
Γ0
δu t0 dS︸ ︷︷ ︸
work of surface pressures
+
∫
V0
δu ρref g dV︸ ︷︷ ︸
work of volume forces
. (2.29)
Inertia forces are not further considered in this thesis.
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2.3.2 Mass balance for solid components in Total Lagrangian description
The Principle of Virtual Work is used in its Total Lagrangian description, i.e. with respect
to the reference configuration. Thereby, it is assumed that the motion of the solid phase
acts as the reference system. In this case, the mass balance for the constituents which
move with the reference system is quite simple to describe. The partial density on the
reference configuration, ραref , and the partial density on the current configuration, ρ
α, are
defined by
ραref =
mα
dVα
and ρα =
mα
dv
. (2.30)
Thereby, the volume dVα refers to the volume in reference configuration and dv to the
volume in the deformed configuration. Together with (2.10) the densities are related by
the deformation gradient by
ρα =
mα
dv
=
mα
detFα · dVα =⇒ ρ
α = ραref · (detFα)−1 . (2.31)
In other words, the densities are transformed analogously to volume elements, since the
material points are fixed to the volume (no relative movement). One has to keep in mind
that reference and current configuration do not necessarily refer to points in time. The
density with respect to the reference configuration ραref is time dependent in the proposed
model due to degradation processes.
2.3.3 Integral form of mass balance for fluid components in ALE description
The fluid phases and their components, are formulated in Eulerian description. The ref-
erence frame is however not fixed, but connected to the solid phase. Thus, the Eulerian
spatial frame moves with the velocity of the solid phase. This represents a special case
of an Arbitrary Lagrangian-Eulerian description, see for example Donea [53] and Donea
et al. [54], whereas here the movement of the reference frame coincides with the movement
of one of the constituents, i.e. the solid skeleton.
The basic idea of the ALE method is to combine both the advantages of the classical
Lagrangian and the Eulerian description. The purely Lagrangian description is widely
used in solid mechanics. Thereby the nodes of the mesh coincide with the material points
of the solid and are fixed to them during deformation, see figure 2.5, top. If the deforma-
tions are small, this approach does not lead to strong distortions of the mesh. Contrary,
a Lagrangian description in fluid mechanics might quickly lead to strong deformations of
the mesh making a remeshing necessary. A discussion on that can be found in Bathe [10].
The Eulerian description is applied very often in fluid mechanics. Thereby, an observer
is fixed to a spatial point and views material points passing the corresponding control
volume, which remaines fixed, see figure 2.5, middle.
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In the ALE description, the nodes of the control volume may move arbitrarily, figure 2.5,
bottom. Neither the material configuration (Lagrangian) nor the spatial configuration
(Eulerian) are considered as a reference. Rather, an additional domain is needed which
serves then as the reference frame. Thus, high distortions of the continuum can be han-
dled better with the ALE method than with a purely Lagrangian approach. For more
Lagrangiandescription
Material points coincide
with spatial points
Eulerian description
Material point
Spatial point, node of reference mesh
Fixed reference frame,
material points and mesh nodes
do not coincide
ALE description
Arbitrarily moving reference frame,
material points and mesh nodes
do not coincide
t
t
t
motion of a material particle
motion of reference frame nodes
Figure 2.5: Comparison of particle and mesh motion for Lagrangian, Eulerian and ALE
description, redrawn from Donea et al. [54]
detailed information on the ALE method the reader is referred to Donea et al. [54]. Note
that the Eulerian view has to be distinguished from what is termed Updated Lagrangian
description, which is still based on a Lagrangian viewpoint, but the balance equations
are integrated on the current, spatial configuration, see for example Holzapfel [107]. For
derivation of balance equations in Eulerian description on a moving domain it is first nec-
essary to derive the time derivative of a volume integral, which is shown in the following
section. Next, the balance equations are derived following Rossow [202].
2.3.3.1 Time derivative of a volume integral over a moving volume
The amount of an intensive quantity φ in a control volume equals the corresponding
volume integral ψ, which is an extensive quantity. The detailed derivation is shown for a
scalar quantity but the procedure is straightforward for any vector quantity. For better
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readability any indices for identification of a particular component are skipped.
Let φ be a scalar volume-specific field function φ = φ(x, y, z, t), as for example density,
then the content ψ in a general time-dependent volume is
ψ(t) =
∫
φ dV . (2.32)
The time derivative of ψ may be expressed by the chain rule
dψ
dt
=
d
dt
∫
φ dV =
∫
V
∂φ
∂t
dV +
∫
V
φ
dV
dt
. (2.33)
Equation (2.33) shows that the time derivative of the integral depends both on the time-
dependent change of the function φ itself and on the change of the control volume V , see
also figure 2.6. The volume dV as shown in figure 2.7 equals
dV = n ·vs · dt · dS . (2.34)
assuming that the length of the boundary dS is constant. Using (2.34) the volume integral
V(t)
S(t)
n
V(t+dt)
S(t )+dt
n:
vs:
outwardfacing normal vector
vector describing surface movement
of control volume
vs
Figure 2.6: Change of a control volume V (t) with time
.
dS
n v dts.
S(t)
S(t+dt)
.
Þ dV = dt dSn vs. .
displacement vector in direction
of outward facing normal
= dV
vs
.
n
.
Figure 2.7: Change of an infinite volume element dV with time
is transformed into a surface integral so that the time derivative of φ is
dψ
dt
=
d
dt
∫
V (t)
φdV =
∫
V (t)
∂φ
∂t
dV +
∫
S(t)
φn ·vs dS . (2.35)
Equation (2.35) is often referred to as Reynolds Transport Theorem. The first term of
the right hand side describes the local rate of change in the fixed control volume. The
second term represents the influence of the changing boundaries of the control volume.
For a time-independent volume the time derivative of the volume integral ψ thus equals
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the integral of the time derivative of the intensive quantity φ as the second term vanishes
due to vs = 0.
2.3.3.2 Mass conservation for a moving reference frame
The discussion in the previous section is used to derive the mass balance equation for a
constituent α which is moving with phase pi. In the model, the surface velocity coincides
with the velocity of the solid phase, as the solid phase movement serves as a reference.
The mass of component α in a control volume is
mα =
∫
V (t)
ραdV , (2.36)
and, using (2.35), its time derivative equals
dmα
dt
=
d
dt
∫
V (t)
ραdV =
∫
V (t)
∂ρα
∂t
dV +
∫
S(t)
ραnvsdS . (2.37)
In a domain which is free of sources and sinks any change in mass of component α is caused
by a flux over the moving boundary of the control volume, see figure 2.8. Therefore, the
rate of change in mass is balanced by the surface fluxes
dmα
dt
= −
∫
S(t)
ρα(vpi − vs)n dS , (2.38)
whereas vpi equals the component’s velocity v
α considering convective fluxes only.
dS
S(t)
vs
n n:
vs:
outwardfacing normal vector
surface movement of control volume
v
p
v
p
: flow speed of fluid phase p
.
.
.
Figure 2.8: Surface velocity and flow speed
Using the first part of (2.37) the mass balance in its integral and conservative form yields
d
dt
∫
V (t)
ραdV +
∫
S(t)
ρα(vpi − vs)n dS = 0 . (2.39)
In that way, directly the integral form of the equation of mass conservation is derived. A
derivation of (2.39) starting from the differential balance equations is for example shown
by Donea et al. [54].
If the second part of (2.37) is used to further simplify the mass balance, the Geometric
22
Conservation Law is obtained∫
V (t)
∂ρα
∂t
dV +
∫
S(t)
ρvpi ·n dS = 0 , (2.40)
which is termed non-conservative as no flux balances are formulated any more, in other
words, the surface fluxes are no more separated from the local rate of change in the control
volume.
In case of the proposed model for waste also sources and sinks due to reactions or physical
exchange have to be considered so that the right hand side of (2.39) is not equal to zero
and thus has to be extended by an additional term rα, which describes a local rate of
change in density due to reactions
d
dt
∫
V (t)
ραdV +
∫
S(t)
ρα(vpi − vs) ·n dS =
∫
rα dV. (2.41)
If the surface velocity vs = 0, the Eulerian representation of the equation for conservation
of mass is obtained, for vs = vpi the Lagrangian one.
Adding the mass balance equations of the single components yields the mass balance for
the whole mixture.
The derivation of the mass balance for the gas phase is straightforward. The mass balances
are shown in detail after explanation of the constitutive model.
2.3.4 Balance of angular momentum
The balance of angular momentum yields a symmetric Cauchy stress tensor. A derivation
is for example shown in Parisch [192]. It may be remarked, that also theories exist which
consider conservation of angular momentum not by a priori fulfillment of the symmetry of
the Cauchy stress tensor, but by an additional conservative quantity. For a recent overview
see for example Mu¨nch [174].
2.3.5 Balance of energy
As shown in chapter 1 landfills might exhibit high variations in temperature which in
turn influences degradation and transport. The proposed model thus considers a transient
temperature. Analogously to the mass balance, the equation for conservation of energy
is considered for the whole mixture. It is assumed that all constituents have the same
temperature. The energy converted in the different processes has to be balanced. Due to
the degradation processes and physical exchange processes the equation for conservation
of energy is very complex. The general form is analogous to the mass balance equation.
Storage terms and convective terms are balanced by sources and sinks due to degradation.
The general balance of energy for the whole mixture with the volume-specific energy e
23
yields
d
dt
∫
V (t)
e dV +
∑
α
∫
S(t)
eα(v
α − vs)n dS =
∑∫
re,αdV. (2.42)
with a term re accounting for sources and sinks. The individual terms are explained in
detail after description of the constitutive model.
2.4 Discretisation of model equations in time and space
As no analytical solution for the coupled problem is known, the system of coupled field
equations is solved numerically. For discretisation in time, an implicit finite difference
scheme, the Backward Euler method, is used. Thereby the differential quotient describes
the derivation at the end of the time interval. The implicit Euler method requires an
iterative solution of the discrete equations, but offers advantages regarding stability and
time step size, if compared for example with the explicit, Forward Euler method.
For discretisation of the governing balance equations (2.29), (2.41) and (2.42) in space,
a combination of the Finite-Element method and the Box method, proposed by Helmig
[103], is applied. Thereby, the Box method is applied on a moving reference frame, as
already used in Bente et al. [21] and Krase [135].
The Principle of Virtual Work in its Total Lagrangian form, as given by (2.29), is dis-
cretised by a Bubnov-Galerkin Finite-Element approximation. Thereby, the same set of
ansatz functions N is used both for displacements u and virtual displacements δu
u =
∑
i
(uˆi ·Ni) and δu =
∑
i
(δuˆi ·Ni) , (2.43)
with i as counters over finite element nodes. Discrete quantities are denoted by ˆ( ). In
this thesis, an isoparametric finite element concept with 9 nodes is used. Correspondingly,
quadratic ansatz functions describe both the displacement field and the element geom-
etry. The integrals in (2.29) are evaluated by the Gaussian quadrature formula. For an
introduction into the Finite-Element method the reader may be referred to Bathe [10] or
Dinkler and Ahrens [51].
The discrete integral form of the mass balance is obtained by the Box method as described
by Helmig [103]. The method is also termed subdomain collocation finite volume method
or node centered finite volume method. The approach may be derived from a weighted
residual approximation whereas linear ansatz functions are used. The constant test func-
tions are equal to unity over the domain of a box. The box grid is derived from the finite
element mesh, whereas the corner nodes of the finite element mesh are the centers of the
boxes. The corner nodes of a box are formed by the centers of adjacent finite elements and
by the midpoints of their edges. The element concept is shown in figure 2.9. The derivation
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Figure 2.9: Ansatz functions and test functions for FEM and BOX method
of the discrete form is explained in detail by Helmig [103] and extended straightforward to
a moving reference frame. Together with a mass lumping of the storage terms the discrete
form of equation (2.41) for box i yields
ρˆα,t+1i · dV t+1i − ρˆα,ti · dV ti
∆t
+
∫
S
(ρˆαU(vˆpi − vˆs) ·n)
∣∣t+1 dS = rˆα,t+1i · dV t+1i . (2.44)
The discrete formulation of the storage term reveals, that the rate of change comprises
both the change of the conservative variable itself and of the box volume dVi. The density
ρˆα,t+1i is the partial density of α at the center node of box i. By means of the linear ansatz
functions used in the Box method, values at Gaussian points are evaluated if required
for coupling terms. The density ρˆαU is the upstream density at the surface of box i. For
stabilisation of the convective terms, a fully upwinding is used, not only of the density
but also of mobility. The upwinding reveals the hyperbolic character of the differential
equation in space. The procedure is analogous to Godunov’s scheme.
The Box method is a conservative scheme, as the rate of change of a conservative vari-
able is balanced by fluxes over the boundaries of a control volume. Due to the mass
lumping, the discretisation takes the form of a finite volumes method. It reduces non-
physical oscillations of the solution. The integration may be formulated easily and a clear
implementation of stabilisation is possible. The upwinding induces, however, numerical
diffusion, especially for course meshes. In the coupling with the Bubnov-Galerkin discreti-
sation the transfer of nodal values and gauss point values, as well as elemental and box
quantities requires additional computational effort.
A detailed comparison of the Box method with other discretisation methods for multi-
phase flow in porous media is not within the scope of this thesis and the reader may be
referred to Huber and Helmig, [109] and [110].
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3 Model for Degradation and Heat Generation
The chapter gives an overview of the degradation processes occuring in MSW landfills
and describes the selected modelling approach. The model is based on the previous work
within SFB 477, especially Hanel [99], Haarstrick et al. [95] and Kindlein et al. [125]. The
influence of parameters is investigated on local level. Furthermore, heat generation and
local parameters of heat transport are discussed.
3.1 Phenomenology of Biogological Degradation in MSW Landfills
Depending on the present oxygen supply, two general mechanisms of biological degra-
dation of organic matter are distinguished. In the presence of oxygen, organic matter is
decomposed aerobically to carbon dioxide and water. In case of lacking oxygen, degra-
dation proceeds under anaerobic conditions with the production of carbon dioxide and
methane. Different by-products arise from these two pathways. Due to the water content
at emplacement, subsequent compaction and infiltrating precipitation, degradation pro-
ceeds mainly under anaerobic conditions in landfills.
The entire process of anaerobic degradation passes several steps, whereas usually four
main steps are considered as visualised in figure 3.1. The steps of the process are related
to the activity of different bacteria populations, herein termed biomass. Often, three ma-
jor groups are distinguished. During the first step, hydrolysis, the long-chain substances
are transferred to short-chain molecules. Then, within the acidogenesis, the hydrolytic-
fermentative bacteria convert the hydrolised particles to organic acids along with the
production of hydrogen and carbon dioxide. In the third step, the acetogenesis, organic
acids are decomposed to acetic acid by acetogenetic bacteria. During the fourth stage,
methanogenesis, the methanogenic bacteria produce methane from acetic acid or carbon
dioxide and hydrogen.
In general, the anaerobic process is more likely to become unstable compared to aerobic
degradation. It proceeds efficiently at a nearly neutral pH. Environmental conditions influ-
ence the process and some substances might inhibit certain reactions steps of the process.
Several models are developed to describe the complex degradation process in landfills, an
overview is given in section 3.2. The products of the different reaction steps determine the
composition of the landfill gas and the leachate. As a landfill is built up over many years,
different parts of it may be within different phases of decomposition, leading to spatially
varying leachate and gas compositions.
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Figure 3.1: Main steps of anaerobic degradation, after Mudrack and Kunst [173]
Farquhar and Rovers [78] are among the first to structure the landfill gas evolution by
developing a typical pattern, see figure 3.2.
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Figure 3.2: Gaseous emissions from landfills, redrawn after Farquhar and Rovers [78]
In a short period after emplacement, phase I, aerobic conditions might dominate the
process until the present oxygen is consumed. Then the process enters the anaerobic phase,
II, whereas no methane is produced initially. A peak in CO2 develops and the hydrogen
concentration is increasing. Phase III is termed unsteady methanogenic phase during
which the production of methane establishes. In phase IV, the steady methanogenic phase,
the fractions of the original landfill gas components, i.e. carbon dioxide and methane,
reach a steady value. Variations from the pattern may, of course, occur due to changes in
environmental conditions.
Similarly as for landfill gas, a typical pattern of leachate composition is derived by Kjeldsen
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et al. [127] based on their review of leachate data, see figure 3.3. It is related to an extended
landfill gas pattern. As discussed in chapter 1, predictions beyond the stable methanogenic
phase are subject to speculation because most landfills still are in this phase or an earlier
phase, so long-term data is not available.
Figure 3.3: Leachate composition in landfills, after Kjeldsen et al. [127]
The production of acids in the acidogenic phase results in a pH decrease. Hence, the high-
est BOD and COD, parameters representing the biological and chemical oxygen demand
respectively, are measured at the end of the acid phase. The onset of the methanogenic
phase is accompanied by an increase in pH, as the methanogenesis step is usually much
quicker than hydrolysis, therefore acids do not accumulate. With the decomposition of
carboxyclic acids, COD and BOD decrease, whereas also the BOD:COD ratio decreaseas.
In general, the aerobic process is accompanied by much higher temperatures than the
anaerobic process. Zeccos [248] reports about in-situ tests at a MSW landfill in the US
where temperatures up to 45 ◦C are measured in waste samples obtained by drilling. An
increase of temperature with depth is observable. Figure 3.4 shows temperature profiles
measured in boreholes by Mora-Naranjo et al. [169], temperature is up to 60 ◦C, similar
values are measured in other landfills.
3.2 Models for Degradation Processes in MSW
This section concentrates on models for degradation of organic matter under mainly anaer-
obic conditions. Models which focus on aerobic processes are for example reviewed by
Mason [155] and Hamelers [98]. With regard to the variety of models developed so far,
this section does not claim to be self-contained. Instead, the aim is to show the historical
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Figure 3.4: Landfill temperature profile from Mora-Naranjo et al. [169]
development and to point out important steps and key issues. Thereby, the review’s focus
are reaction models applied to waste, whereas many models exist in the field of waste
water or manure treatment. General, comprehensive overviews on anaerobic degradation
models are recently given by Gavala et al. [88] or Lyberatos and Skiadas [149].
One major aim of the first reaction models for landfills is to estimate gas production,
which is of high importance for the design of gas extraction systems and for the eval-
uation of their effectiveness. With the concerns about global climate change, another
field of interest comes up, as there is an interest to quantify (reductions of) greenhouse
gas emissions from waste deposits. Nowadays also the active treatment of solid waste in
mechanical biological treatment plants is becoming an established technology. For the
process engineering of those plants, phenomenology of degradation has to be understood
and described as well. Landfill reaction modelling starts with empirical based relations,
sometimes called black box models, from which the models are more and more modified
and extended. Major steps of advancement are
a) extension of reaction scheme: from one step to multistage sequential, increasing
number of components,
b) refinement of kinetics description,
c) consideration of milieu influences,
d) more detailed description of waste composition,
e) new methods for parameter determination,
f) and model validation, from lab scale to application on landfill sites.
The first landfill gas production models estimate the anaerobic gas production based on
the theoretical methane potential of the waste, which depends on its composition. Organic
matter content and the kinetic reaction constants are among the main parameters of those
models. A common assumption is often that landfill gas is composed of methane and car-
bon dioxide. One of the first models is presented by Tabasaran [224] who compares the
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gas production in a landfill with that in an anaerobic digestor and reduces the theoretical
gas potential, depending on the temperature, by an assimilated carbon fraction. Thereby,
Tabasaran assumes a linear relationship of a gasifiable carbon fraction and temperature.
Time dependency of degradable matter is expressed by first order kinetics. The model
by Tabasaran and Rettenberger, [224], [225], is well established in the European waste
management society and is still widely used by landfill operators for gas prognoses. Hoeks
[106] applies first order kinetics as well. Being aware that gas production rates are high in
the early years after landfilling, due to readily degradable material, he splits the organic
matter into several fractions dependent on their degradability.
Ehrig [62] investigates the gas production in a lysimeter and compares the models by
Tabasaran, Rettenberger and Hoeks for the description of experimental measurements. He
adopts the approach by Tabasaran and relates gas production and leachate composition
to estimate model parameters. Based on own investigations and published experimental
data, he concludes that the influence of pH and water content on gas production is rel-
atively small. The author points out uncertainties with regard to determination of the
theoretical gas potential, which is an important parameter in the models, and indicates
that biomass production, as assumed by Tabasaran, seems to be relatively high. With
respect to the analysed waste, he concludes that splitting organic matter into several
fractions does not seem necessary.
Weber [241] adopts the approach by Tabasaran as well, but introduces additional influ-
encing factors which account for waste composition and landfill operation. His model is
also quite well established in engineering practice.
Although models like those by Tabasaran and Weber do not explicitly consider different
types of organic matter, like that by Hoeks, it is possible and implemented in engineering
practice to evaluate gas production within a staggered scheme having the possibility to
adjust parameters with respect to waste composition and landfill operation.
One of the early models which include environmental influence in a more detailed manner
is the model for gas generation by Kleinstreuer and Poweigha [128]. Microbial growth of
two genera of bacteria, methanogenic and acidogenic, and their sensitivity to environmen-
tal factors and inihibitory effects are considered.
One of the first model including both microbial growth and a quite detailed sequential re-
action scheme is presented by Lee and Donaldson [139]. Their aim is to describe anaerobic
celluose digestion with the application on low-level radioactive waste treatment. They in-
clude three major conversion steps, namely hydrolysis, acetogenesis and methanogenesis.
Monod type kinetics are applied to every step including both limitating and inhibitory
effects of substrates.
Direct pH modelling by means of an ion balance is explained by Angelidaki et al. [4]. A
detailed description of acidogenesis considers acetic acid as well as butyric and propionic
acid. Monod kinetics and non-competitive inhibition are considered as well. Another very
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detailed model is developed by Vavilin et al. [235]. Their model includes substrate limi-
tation and inhibition, evaluation of pH by an ion balance, temperature and pH effect on
rates as well as seven types of microorganisms.
El-Fadel et al. [67] model methane production from waste by means of a (simplified)
sequential scheme. They investigate the effect of initial biomass concentrations on degra-
dation, whereas microbial growth is directly included by applying Monod kinetics to the
acidogenesis and methanogenesis steps. Hydrolysis is modelled by first order kinetics.
Total biomass is split up into acidogenic biomass and methanogenic biomass, and the
modelling of pH is discussed.
By now, the review shows that model development in the early years covers already most
aspects as listed above. From the very beginning, researchers consider the influence of
environmental conditions on anaerobic degradation, especially temperature and pH. Also,
they are aware of difficulties in parameter estimation. Most models are validated at lab
scale using results from lysimeter testing. In general, not sufficient experimental data
as well as field data are available at that time, as highlighted by El-Fadel et al. [68] in
their review of gas production models published between 1976 and 1993. Furthermore,
El-Fadel et al. identify the need for coupled models that treat landfills as a multiphase
porous medium.
Lyberatos and Skiadas [149] identify four key issues that should be addressed in future
modelling work: a general framework as a standard for hydrolysis and acidogenesis, de-
scription of environmental conditions, inhibitory effects and modelling of heterogeneous
systems. The first task is addressed by the International Anaerobic Modelling Task Group,
founded in 1997, in order to provide a common platform for model development. An out-
come of their work is the Anaerobic Digestion Model No. 1 presented in 2001.
Within the field of international climate protection, the IPCC (Intergovernmental Panel
on Climate Change) describes in [115] three approaches for estimating methane emissions
from disposal sites: the first one (theoretical gas yield methodology) is based on the as-
sumption that the theoretical methane potential is released in the year of disposal, the
second (default methodology) considers the degradable carbon fraction, and the third
(theoretical first order kinetics method) is quite similar to the approach by Weber and
recommended in [114] and [116]. If a CDM (Clean Development Mechanism) has to be
approved, methods are necessary for estimating methane generation from a particular
landfill in the absence of the project activity (baseline scenario). As such, the FOD (first
order decay) method is later approved within the baseline method AM0025 by the UN-
FCCC CDM Executive Board [37]. For the European Pollutant and Transfer Register
E-PRTR , formerly EPER, diffuse emissions from landfills have to be reported. Initially
the default method of IPCC is recommended by the Federal Environment Agency, UBA
[229], for the German country report. For all reports from the year 2007 on, the first order
decay method is chosen, Butz [35]. Contrary to EPER, the E-PRTR includes also landfills
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in aftercare phase, thus, the approach is modified by Butz [36]. In a supporting document,
EPA [71], Ireland’s Environmental Protection Agency lists seven models for determining
diffuse emissions from landfills for EPER, most of them are simple first order decay mod-
els. Prognoses of methane emission rates with the different models are both compared
among each other and with data from a landfill site. One prognosis is close to the mea-
sured emission rate with a deviation less than 10%. However, the maximum predicted
value differs by a factor of nine from the measured one; the minimum predicted value is
about 40% of the measured rate. It is suggested to gain more reliable results by analysing
more landfill data. A similar analysis is done by Ogor and Guerbois [185] who compare
five of the same models using data from 4 landfill sites. Deviations are different for landfill
cells, whereas, deviations of CH4 emissions are higher than total gas production. When
discussing the results, it needs to be considered that, in fact, the compared models are
quite similar. Another comparative study is published very recently by Thompson et al.
[227].
The Landfill Gas Emissions Model LandGEM (for latest version see EPA [72]) is devel-
oped by the EPA Office of Research and Development and the Clean Air Technology
Center. Its objective is to estimate total landfill gas and methane generation, as well as
emissions of carbon dioxide, nonmethane organic compounds and individual air pollutants
from landfills. On behalf of US EPA other country specific models are published and are
based on simple first order kinetics, [73], [74], [75], [76].
The development of landfill modelling within the area of climate protection shows that
mainly simple models are applied. For many applications this is appropriate, because
usually not the emission of an individual landfill is considered. Rather, an estimation of
country specific emissions is made, as indicated by Scharff and Jacobs [209]. However,
for approval of CDM methods, emissions have to be estimated for a particular landfill to
quantify the baseline scenario, so that both licensing organisations and landfill operators
might benefit from more advanced models.
Many models developed by the waste management reasarch community in the current
century adopt the efforts made so far, like detailed waste description, detailed sequential
reaction scheme, Monod kinetics including inhibitory effects, pH modelling, heat gener-
ation, and environmental influences. In 2001, the first version of the model developed
within the SFB 477 is published by Haarstrick et al. [95]. The model is extended by two
additional biomass cultures and an aerobic step by Haarstrick et al. [96]. Mora-Naranjo
et al. [169] as well as Reichel and Haarstrick [197] add a function for the influence of water
content. Additionally, Monod kinetics are modified using the approach by Mankad and
Bungay, see Reichel [196], to avoid excess reduction of degradation rate if several limiting
substrates are present.
Another very detailed scheme is published by Siegrist et al. [215], who consider 19 pro-
cesses and 23 components including six types of biomass. Dissociation equilibrium of 4
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components is considered directly. Degradation kinetics include microbial growth, except
for the rate of hydrolysis. Biogas stripping is included as well.
The model GasSim is developed on behalf of the Environment Agency of England and
Wales by Attenborough et al., [6] and Attenborough et al. [5]. To cover parameter un-
certainty, GasSim includes a Monte-Carlo Simulation of input parameters. The different
modules of the model are validated against production and emission data from several
landfills. The source term for gas generation is based on first order kinetics. Four major gas
components are considered, whereas other trace gases can be estimated implicitly by pre-
defining trace gas fractions. In an overall balance, gas utilisation and flaring is considered,
thus, being more close to landfill engineering and operation than other models. GasSim
is among the few models that are distributed commercially, see www.gassim.co.uk.
Another recent issue is to describe the biofilm more explicitly on the microscale, like
presented by Rotter et al. [203] with their model CHAMP for hydrolysis of cellulose.
They distinguish explicitly between free-floating acidogens and acidogens bounded to the
substrate. The latter control the rate of hydrolysis. Attachment of floating bacteria is
described by a diffusion process of particles. Sloughing of biofilm is supposed to occur due
to excess biomass growth and shrinkage of cellulose particles. The process depends on the
surface area of the particles. The model assumes fully saturated conditions. They validate
their model by comparison with an existing verified model because experimental data on
bacterial colonisation and biofilm transfer is not available. An analogue issue is addressed
by Heinke et al. [102] who describe the transfer of solid organic material to solute matter,
and vice versa, by a sorption process. The approach is implemented by Reichel [196] in
the model POSE.
The review clarifies that there is not a stringent chronological order from simple to ad-
vanced models. Rather, both are developed and applied at the same time. In many en-
gineering applications, quite simple models of the type developed in the 1970s are still
used. Many researchers concentrate on more detailed models, simultaneously introduc-
ing more input parameters that are often hardly measurable in experiments. Thus, some
work also focuses on new methods for parameter determination. One of the first work on
Monte-Carlo methods and neural networks applied on waste is done by Dach et al. [44].
Reichel [196] applies genetic algorithms and neural networks. Other models like GasSim,
include a method for covering parameter uncertainty by probabilistic approaches. Hosser
et al. [108] conduct sensitivity investigations by reliability theory to identify important
parameters. Comparative applications of models show sinificant deviations in results. A
few more critical issues on modelling are addressed in section 7.4.
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3.3 Constitutive Model for Biological Degradation Including Heat
Generation and Transfer
In this thesis, the complex biological degradation process is described by means of a two-
stage reaction scheme which is derived from the more detailed models by Haarstrick et al.
[95], Hanel [99] and Reichel and Haarstrick [197]. A first step is to identify important
reactions and components, which allows to merge the complex mechanisms in a more or
less simplified reaction scheme. The reduced model is already briefly described in Hanel
[99] and Kindlein et al. [126]. However, an explanation is necessary, as latest findings
according to parameters and reaction stoichiometry following Reichel and Haarstrick [197]
are considered so that modifications to the previous version are made. Including reaction
kinetics, the selected reactions determine the components that have to be balanced in the
overall model.
3.3.1 Stoichiometry
The biological decomposition is related to the growth of biomass. The yield coefficient
describes a change in concentration of biomass dX corresponding to a change in concen-
tration of a substrate dS and is defined by
YX/S = dX/dS . (3.1)
Simultaneously, it describes the relation of the rate of change of the components, i.e.
YX/S =
dX/dt
dS/dt
. For instance, a yield coefficient of YX/s = 0.1 g/g implies that 0.1 g biomass
are produced from the degradation of 1 g of main substrate. By means of the yield coeffi-
cient, equations for decomposition r and for microbial growth b can be summarised to a
total reaction R by
R = (1− Y˜ ) · (r) + Y˜ · (b) (mol) . (3.2)
Yield coefficients may be given both in terms of mol, Y˜ , and mass, Y . The two represen-
tations are related by
Y˜ = Y · 1
αXb
· m
ms
mX
, (3.3)
whereas αXb is the stoichiometric coefficient of biomass in reaction b. mms and mX are
the molar mass of the main substrate of the reaction (stoichiometric coefficient=1) and
biomass, respectively. For the reduced model, stoichiometry derivation starts with the
basic reactions for hydrolysis, acidogenesis, acetogenesis and methanogenesis and is sum-
marised in table 3.1. The argumentation follows Hanel [99] and Kindlein et al. [126]. For
organic matter, an average molecular composition of 1C30H53.4O14N0.7 is assumed follow-
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Table 3.1: Derivation of reaction stoichiometry for simplified scheme, final equations R1,
R2 and L are highlighted in grey
Degradation reactions (mol)
r1 1C30H53.4O14N0.7 + 16H2O −→ 5C6H12O6 + 11.65H2 + 0.7NH3
r2 1C6H12O6 + 2H2O −→ 2C2H4O2 + 2CO2 + 4H2
r3 C2H4O2 −→ CH4 + CO2
r4 CO2 + 4H2 −→ CH4 + 2H2O
Biomass growth (mol)
b1 1C6H12O6 + 1.2NH3 −→ 1.2 C5H7NO2 + 3.6 H2O
b2 C2H4O2 + 0.4NH3 −→ 0.4C5H7NO2 + 1.2H2O
b3 CO2 + 2H2 + 0.2NH3 −→ 0.2C5H7NO2 + 1.6H2O
Combined reactions (mol)
r1,r2/b1 1C30H53.4O14N0.7 + 24.514 H2O −→ 9.469C2H4O2 + 9.469CO2
+ 30.588H2 + 0.382NH3 + 0.319C5H7NO2
r3/b2,r4/b3 1C2H4O2 + 3.230H2 + 0.040NH3 −→ 1.736H2O
+ 1.707CH4 + 0.092CO2 + 0.040C5H7NO2
Total reaction after combination (mol)
R’ 1C30H53.4O14N0.7 + 8.074H2O −→
10.337CO2 + 16.162CH4 + 0.700C5H7NO2
Final reaction steps (g)
R1 1C30H53.4O14N0.7 + 0.76H2O −→ 0.98C2H4O2
+ 0.72CO2 + 0.06C5H7NO2
R2 1C2H4O2 −→ 0.43CH4 + 0.06CO2 + 0.49H2O+ 0.02C5H7NO2
Final total reaction (g)
R 1C30H53.4O14N0.7 + 0.28H2O −→ 0.42CH4
+ 0.78CO2 + 0.08C5H7NO2
Lysis of Biomass (g)
L 1 C5H7NO2 −→ 1C30H53.4O14N0.7
ing Reichel and Haarstrick [197]. Acetic acid is considered as surrogate for all organic
acids when summarising acidogenesis and acetogenesis steps. First, the reactions of or-
ganic matter reacting to glucose, r1, glucose to acetic acid, r2, and glucose to biomass,
b1, are combined. The choice of the yield coefficients is given in table 3.2 and based on
the work by Reichel and Haarstrick [197], whereas slight modifications are made to adjust
final gas composition with respect to model experiments in section 3.4. The result is the
combined reaction r1,r2/b1. Next, the methanogenesis steps r3 and r4 are combined with
the corresponding biomass reactions b2 and b3 with the yield coefficients according to
table 3.2. The resulting two reactions are combined with such a ratio that all hydrogen
produced in r1,r2/b1 is consumed and that the volume ratio of methane and carbon diox-
ide in the final reaction matches a desired value of 60 to 40 % in view of the simulations in
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Table 3.2: Yield coefficients
ri Y Main substrate Coefficient of Y˜
(g/g) biomass in reactions b
1)
i (mol/mol)
r1 0 - - 0
r2 0.0400 Glucose 1.2 0.0531
r3 0.0440 Acetic Acid 0.4 0.0584
r4 0.0513 Carbon dioxide 0.2 0.0998
1) see table 3.1
section 3.4. This procedure leads to the summarised reaction r3/b2,r4/b3 and to the total
reaction R’. Hydrogen and Ammonia are not balanced in the model which is supposed
to be sufficient for describing the stable methanogenic phase. Their mass is attributed to
biomass to obtain finally equations R1 and R2 which are consistent in terms of mass.
Thus, the final scheme consists of two stages. During the first stage, organic matter and
water are decomposed to acetic acid, carbon dioxide and biomass. In the next step, acetic
acid reacts to methane, carbon dioxide, water and biomass. Consequently, the model con-
siders that the landfill gas consists mainly of methane and carbon dioxide (and vapour),
making it herewith applicable to anaerobic conditions. The generated biomass is subjected
to lysis, whereas it is assumed that it is converted to organic matter in step L ensuring
conservation of mass. The resulting final, total reaction is denoted by R. The reaction
scheme implies a gas yield of 44mol/kg organic matter. Since any aerobic step is not
considered yet, initial aerobic activity or a final aerobic phase as indicated in figure 3.3
cannot be described. For long-term analysis, this is regarded unimportant, as confirmed
by Straub and Lynch [222] with respect to long-term quality of leachate.
The procedure described above is a phenomenological approach and covers important
steps for long-term analysis of the anaerobic stages. Alternatively, systematical approaches
like the ILDM method (Intrinsic Low-Dimensional Manifolds in Composition Space) rep-
resent a very interesting methodology for the simplification of detailed reaction chemistry,
especially if coupling with transport processes is required. The general idea of the ILDM
is to analyse how a system reacts to perturbations at a certain state by means of modal
analysis of the Jacobian, see Maas and Pope [150].
3.3.2 Reaction Kinetics
Decomposition is catalysed by microbiological growth, which is influenced by growth-
limiting substrates. Furthermore, environmental conditions, especially temperature, water
content and pH, are supposed to influence the activity of bacteria, see figure 3.5.
Monod [168] shows that the growth of bacterial cultures may be described by a hyperbolic
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Figure 3.5: Factors influencing degradation rate
function so that the rate of change of a substrate S is - in terms of partial density -
ρ˙S = µmax
ρS
KS + ρS
· ρX , (3.4)
whereas µmax is the maximum degradation rate, ρ
S is the density of a limiting substrate
S and ρX is the partial density of biomass. The Monod constant KS with [KS] = kg/m
3
correponds to the partial density of the limiting substrate at which the actual degradation
rate is half the maximum rate (therefore also termed half-saturation constant). The lower
the value of KS, the lower the concentration of substrate to obtain a particular reaction
rate is. The order of the kinetic’s description according to Monod depends on substrate
and on biomass concentration, hence, the evolution of the concentrations causes a change
of the kinetic’s order. For substrate concentrations ρS  KS, the reaction is of second
order as the rate depends both on the concentration of the biomass and the concentration
of the substrate. If ρS  KS, the reaction is of first order with respect to the concen-
tration of the biomass. A stage of substrate saturation is reached and the rate cannot be
increased further by adding substrate.
The original Monod kinetic considers the limiting effect of one substrate, whereas further
extension is possible by a multiplicative connection of corresponding terms. It is assumed
that no substrate excess inhibition occurs, i.e. high substrate concentrations do not dec-
celerate the process. For the lysis of biomass, a rate law of first order is assumed. Hence,
in detail the rates of the reactions R1, R2 and L are
R1 : ρ˙DO = µmax,R1
ρDO
KDO + ρDO
· ρX · fΘ · fSl · fpH , (3.5)
R2 : ρ˙Ac = µmax,R2
ρAc
KAc + ρAc
· ρX · fΘ · fSl · fpH , (3.6)
L : ρ˙X = µmax,L ρ
X · fΘ,L . (3.7)
The factors fΘ, fSl and fpH describe the influence of temperature, water content and pH,
respectively, and are explained in section 3.3.3.
3.3.3 Influence of Milieu Conditions
Several experimental data prove the influence of environmental conditions on biological
decomposition and mathematical formulations are developed to describe the effects. An
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overview is given by Meima et al. [162] and others. Often, water content w, temperature Θ
and pH are considered to be limiting to microbial growth. Their influence is implemented
in the proposed model by multiplying the rate under optimum conditions with factors fw,
fΘ and fpH varying between zero and one, compare equations (3.5), (3.6) and (3.7). One
should note that the multiplicative connection might result in an underestimation of the
specific growth rate.
More experimental evidence is needed to give an in-depth understanding of the evolution
of milieu conditions. For example, Staley et al. [219] find that methanogenesis is initiated
in experiments also at pH values that had been previously considered to be too low. Two
explanations for this effect are given, acid-tolerant methanogens that are initiating the
process and the pH-neutral niche theory.
Temperature Each group of bacteria has an optimum temperature range which are
usually determined under laboratory conditions. Experimental data and functions de-
scribing the dependency reviewed by Meima et al. [162] are depicted in figure 3.6.
The bell-shaped temperature function fΘ used in this thesis for reactions R1 and R2 is a
product of two functions, fΘ,1 and fΘ,2. The first function equals the approach shown by
Haarstrick et al. [95]. The second function enables an overall non-symmetric pattern by
reducing the values of the first function for high temperatures, so that
fΘ = fΘ,1 · fΘ,2 (3.8)
fΘ,1 = e
−[(kΘ(Θ−Θopt))2] (3.9)
fΘ,2 =


1, for Θ < Θl
1
2
(1 + cos
(Θ−Θl)pi
Θh −Θl ), for Θl ≤ Θ ≤ Θh
0 for Θ > Θh . (3.10)
The quantities kΘ, Θopt, Θl and Θh are parameters to fit the relation to experimental data.
Table 3.3 lists the corresponding parameters which are referred to in the simulations and
for which the function is plotted in figure 3.6 together with data as reviewed by Meima
et al. [162]. In set 1, one parameter choice is used for both reactions, whereas, in set 2
separate parameters are used assuming a lower optimum temperature. For the lysis of
Table 3.3: Parameters for temperature functions fΘ,1 and fΘ,2
kΘ (1/
◦C) Θopt (
◦C) Θl (
◦C) Θh (
◦C)
set 1
0.030 57 70 80
set 2
R1 0.030 20 50 70
R2 0.045 30 42 80
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Figure 3.6: Functions for considering influence of temperature on degradation rates.
Curves 1 - 8 are taken from the review by Meima et al. [162]. Curves 2, 5
and 6 represent measured data, the remaining curves are plots of functions
used by different researchers. Sets 1 and 2 are used in own simulations.
biomass, reaction L, a functional relation proposed by Haarstrick et al. [96] is used for
fθ,L with
fΘ,L = e
kΘ,L(Θ−Θopt,L) , (3.11)
whereas kΘ,L = 0.04 and Θopt,L = 80
◦C. Contrary to the other relations, the function’s
values exceed fΘ = 1.0 at high temperatures, considering that death of biomass proceeds
faster. The relation is plotted in figure 3.6.
pH The review by Meima et al. shows that the optimum pH range of methanogenic
bacteria, figure 3.7, is slightly lower than that of acidogenic bacteria, figure 3.8. In the
coupled model, the evolution of pH is described by means of an ion balance which is already
described in detail by Haarstrick et al. [95]. Due to the reduced number of components
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in the simplified reaction scheme, the pH value can be evaluated realistically for limited
conditions only. The work by Reichel and Haarstrick [197] shows, however, that even
with a detailed model, a correct description of pH throughout all stages of degradation is
difficult. Some effects, like buffer capacity of the waste, are not completely clarified yet.
For the influence of pH on degradation rate fpH the relation
fpH =
KpH
KpH +
(10pH−10pHopt )2
10(pH+pHopt)
(3.12)
is applied according to Haarstrick et al. [95] with the parameters KpH and pHopt. Fig-
ure 3.9 shows the bell-shaped pattern of the pH function for different parameter sets.
In general, the pattern is equal to the approach used by Reichel [196]. The parameter
pHopt determines the location of the symmetry axis of the bell-shaped curve and KpH
determines the width of the curve. Reichel assumes values of 7.35 and 220 for general
anaerobic bacteria and 7 and 50 for methanogenic bacteria. Within this contribution, the
latter set of parameters is used.
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Figure 3.9: Plot of function fpH used in this thesis for different parameter sets
Moisture Content Moisture content influences degradation rate via nutrient supply.
Meima et al. [162] apply a linear function based on experimental data. Within this thesis,
the following function is used
fw = 1/2 +
1
pi
arctan [(w − wopt) FW ] . (3.13)
The function fw is plotted for different parameter sets in figure 3.10 in terms of mass on a
wet mass basis together with the data shown by Meima. The parameter wopt determines
the water content at the inflexion point, whereas Fw determines the steepest slope.
Wet moisture content is related to porosity and liquid saturation by
wwet =
Slφρ˜l
ρs + Slφρ˜l
. (3.14)
Thus, if porosity is increased due to loss of solid matter, the saturation decreases leading
to a decrease of the rate. Contrary to the saturation, the water content does not change
upon deformation (assuming no boundary flux, just due to geometry update). Therefore,
by this formulation the magnitude of fw is dependent on the contained mass of liquid and
does not change upon geometry change.
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Figure 3.10: Influence function fw for water content on degradation rate, different param-
eter sets compared with data from Meima et al. [162]
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3.4 Simulation of a Lysimeter Experiment
The properties and applicability of the degradation model, as well as the influence of pa-
rameter choice, are investigated by a simulation of a lysimeter experiment. Comprehensive
data about two consolidating anaerobic reactors, CAR, are presented by Beaven et al. [16].
Over a period of three years, fresh MSW samples are vertically loaded while degradation
occurs simultaneously. During the test period, several quantities, e.g. settlement, gas and
leachate composition, are measured on a regular basis. A detailed description of the set-
up is given in section 7.2, in which the fully coupled analysis, including settlements and
transport, is discussed.
The conditions in the lysimeter sample are regarded as being homogeneous allowing a
local analysis of degradation. Using reactions R1, R2 and L from table 3.1 a system of
coupled differential equations is formulated as follows
∂ρDO
∂t
= − 1.00 r1 + 1.00 r3
∂ρH2O
∂t
= − 0.76 r1 + 0.49 r2
∂ρAc
∂t
= + 0.98 r1 − 1.00 r2
∂ρCO2
∂t
= + 0.72 r1 − 0.06 r2
∂ρCH4
∂t
= + 0.43 r2
∂ρX
∂t
= + 0.06 r1 + 0.02 r2 − 1.00 r3 .
The system of ODEs is solved by means of the classical Runge-Kutta method. The pa-
rameters r1, r2 and r3 represent the reaction rates determined by equations (3.5), (3.6)
and (3.7), respectively. The rates are not constant but dependent on the concentration of
the substrates. Different parameter sets are compared as listed in table 3.4.
For comparing experimental measurements of lysimeter CAR 1 with the simulation, the
partial density of acetic acid (representing VFA) and the partial densities of the gas com-
ponents are transferred to concentration (mg/l) and gas volume (l) respectively. This is
possible since both sample size and liquid volume in the sample are known. The waste
sample is regarded as being fully saturated over the entire duration of the test. The gas
volume is computed from the mass of the components for a temperature of Θ = 30 ◦C.
Sets of four different parameter combinations are investigated. The initial conditions are
based on the data from Beaven et al. [16] and listed in table 3.4 together with the kinetic
parameters. The temperature is kept at constant 30◦C. The pH is most times around
pH=7 except in the early acidification stage and the column is completely saturated all
times. Hence, environmental conditions remain nearly constant and the degradation rate
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Table 3.4: Parameter sets for Simulation of CAR1
set parameters, initial conditions graph
set 1 KDO,R1=80kg/m3; KAc,R2=4kg/m3; µmax,R1 = 1d
−1;
µmax,R2 = 4d
−1; µmax,L = 0.002 d
−1; ρDO = 51.3 kg/m3;
ρH2O = 621.6 kg/m3; ρAc = 1.5 kg/m3 ∼= 6000mg/l;
ρCO2 = 0kg/m3; ρCH4 = 120 kg/m3; ρX = 0.01 kg/m3
set 2 like set 1, but KS,R1=250 kg/m
3
set 3 like set 1, but µmax,R1 = 0.3 d
−1
set 4 like set 1, but µmax,L = 0.02 d
−1
is not further reduced. The simulation with the basic set, set 1, shows that both acetic
acid concentration and cumulative gas production can be described satisfactorily, see fig-
ure 3.11 (c) and (d). However, the peaks in the VFA concentration cannot be reproduced.
In general, hydrolysis step is faster then methanogenesis step and, thus, acids may not
accumulate. The approximation of gas production rate is satisfying in the beginning, ap-
proximately until the inflection point in the gas volume curve. Beyond this point, the gas
production rate is overestimated by the model until ca. 200 days.
The single gas volumes of methane and carbon dioxide increase very quickly until the
organic matter is almost completely decomposed after 200 days while a ratio of 60%
methane to 40% per volume is maintained, figure 3.11 (e). Water volume decreases in
correspondance to degradation in steps R1 and R2, see figure 3.11 (b).
Examining the simulations with set 2, set 3 and set 4, an overall perfect approximation
seems unobtainable using the simplified model. On account of only one type of organic
matter with a unique decomposition rate and of a single biomass, degradation rate is too
high in the later stages. In fact, the used waste is supposed to consist of different organic
fractions which are more or less readily degradable. Thus, the reaction rate µmax,R1 is
not a constant material quantity. Instead, it may be assumed that the readily degradable
fractions are decomposed very quickly in the lysimeter while the microorganisms need
more time to process the moderate or least degradable fractions. Furthermore, different
biomass populations exist, as explained in section 3.1.
From the evolution of mass of organic matter, figure 3.11 (a), it is observed that the rate,
as given with the Monod kinetic, is increased further depending on the parameter set.
This increase is due to the accelerating effect of biomass. The evolution of biomass, figure
3.11 (f), shows that its concentration is increasing during the process, which accelerates
the three reaction steps. As a single biomass is considered in the model, the process is to
some extent self-accelerating. If, for example, biomass is produced in step R1, the rates of
all other steps are increased as well. After all organic matter is decomposed, the biomass
is not growing any more but dies with a decreasing rate, eq. (3.7) and figure 3.11 (f).
The change of the maximum reaction rate of reaction R1 in set 3 influences the overall
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process in two ways. Firstly, as the rate of R1 is less in set 3 compared to set 1, the
production of the corresponding educts is slowed down. Secondly, as both less acetic acid
and biomass are produced in a certain time interval, also the rate of the processes R2
and L are influenced via the kinetic description, although the reaction rates µmax,R2 and
µmax,L are not changed. The magnitude of the influence of biomass is also dependent on
the yield coefficient as it determines how much biomass is produced during the steps. A
constant biomass is used by Hanel [99] in the reduced model.
The influence of the magnitude of the Monod constant is analysed by comparing the
results for set 1 and set 2. The increase in Monod constant leads to a decrease of decom-
position rate, both of R1 and R2, via the coupling over the biomass.
A very interesting effect can be observed by comparing set 1 and set 4. An increase of
the lysis rate leads to a faster decay of the microorganisms. Thus, cumulative gas produc-
tion and decay of organic matter is slowlier in the beginning compared to the basic case
set 1. After a maximum at about 300 days, the biomass decays totally, so that all other
degradation processes stop as well. This indicates that the biomass decay rate exceeds its
growth rate for the particular parameter set.
A further effect is observable in the simulations for sets 1-3. Beyond the time, when all
organic matter is degraded, still gas is produced. The explanation for that is the formula-
tion of lysis stoichiometry, reaction L, in table 3.1. The biomass decays to organic matter
and in that way increases the stock of substrate which is then further decomposed in steps
R1 and R2. The analyses show that the reactions and their corresponding kinetic laws
are coupled in several ways making the correct choice of parameters a challenging task.
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legend included in table 3.4
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3.5 Heat Generation
Both reactions are supposed to be exothermic. In general less heat arises from anaerobic
than from aerobic processes. Generated heat is transported convectively and by thermal
conduction. Heat conduction due to a gradient in temperature is described by means of
Fourier’s law which defines the heat flux q (W/m2) dependent on the thermal conductivity
λs by
q = −λs · grad Θ . (3.15)
Dach et al. [44] summarise all mechanisms of heat transport, i.e. diffusion, radiation and
conduction, by an equivalent heat conductivity. In this thesis, the mechanisms are treated
separately, whereas conduction, convection and diffusion are considered yet, see also (6.9).
3.5.1 Reaction Enthalpies
The energy, which is released in chemical reactions, is called reaction energy and can be
split up into volume work and reaction enthalpy, which is released in form of heat. The
reaction enthalpy under standard conditions ∆H0R is the sum of the standard formation
enthalpies ∆H0f of the products minus the corresponding sum of the educts
∆H0R = Σ∆H
0
f (products)− Σ∆H0f (educts) . (3.16)
The standard formation enthalpies are dependent on the aggregate state and tabulated
for many components. Table 3.5 lists standard formation enthalpies for the components
of the reaction scheme with respect to the derivation in table 3.1. Tabulated values for the
formation enthalpy of organic matter are not found in the literature. Hanel [99] assumes
reaction enthalpies of −37 075 kJ per kg organic matter and −23 300 kJ per kg acetic acid
for steps R1 and R2, respectively, which seems quite high compared to a reaction energy
of −686 kcal/mol, equivalent to −15 932 kJ/kg, for aerobic degradation of glucose.
In general, heat generation may vary as it depends on the elemental composition of or-
ganic matter. In this thesis, published values on heat generation as reviewed by Yesiller
et al. [245] are used to derive the standard formation enthalpy of organic matter for the
selected molecular formula C30H53.4O14N0.7.
Based on organic matter composition, first the stoichiometry for the complete conversion
reaction, excluding any biomass growth, is derived, see table 3.6. The corresponding en-
thalpies for each component, including the stoichiometric coefficients, are given as well.
Only the enthalpy of organic matter, ∆H0f,DO is unknown. It is back calculated for several
values of heat generation, a)-g) in table 3.7. The back calculation suggests values for the
formation enthalpy between −4961.24 kJ/kg and 6636.88 kJ/kg. Next, those values are
inserted in the reaction scheme used herein, as shown in table 3.8.
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Table 3.5: Standard formation enthalpies of components
component state molar mass ∆H0f ∆H
0
f Source
(g/mol) (kJ/mol) (kJ/kg)
H2O (l) 18.0152 −285.9 −15 869.932 06 [171]
C6H12O6 (s) 180.1572 −1268.3 −7038.297 66 NIST
NH3 (g) 17.0304 −46.19 −2712.208 76 [171]
H2 (g) 2.0158 element in its most stable form, value=0
CO2 (g) 44.0098 −393.5 −8941.190 37 [171]
C2H4O2 (l) 60.0520 −484 −8059.681 61 NIST
CH4 (g) 16.0425 −74.6 −4650.148 04 NIST
C5H7NO2 (s) 113.1158 −500 −4420.25 estimated1)
C30H53.4O14N0.7 (s) 647.948 derived in tables 3.6 to 3.8
NIST: National Institute of Standards and Technology, Chemistry WebBook,
http://webbook.nist.gov/chemistry/, access in December 2009
1) estimated from formation enthalpies from NIST for solid components
with same molecular formula
Table 3.6: Stoichiometry for total reaction of anaerobic degradation and corresponding
formation enthalpies
Stoichiometry of complete reaction in terms of mol and kg
1.0 C30H53.4O14N0.7 + 10.175 H2O→ 12.087 CO2 + 17.913 CH4 + 0.700 NH3 (mol)
1.0 0.283 0.820 + 0.443 + 0.018 (kg)
Enthalpies for stoichiometry in terms of mol and kg
∆H0f,organic −2909.03 −4756.23 −1336.31 −32.33 (kJ,mol)
∆H0f,organic −4484.29 −7331.76 −2059.93 −49.84 (kJ,kg)
Table 3.7: Derived standard formation enthalpies for organic matter based on data pub-
lished in Yesiller et al. [245]
Source heat reaction formation enthalpy
generation enthalpy ∆H0f,DO
(kJ/mol OM) (kJ/mol) (kJ/kg)
a) Pirt (1978) -68 J/mol CH4 -1.22 -3214.63 -4961.24
b) Tschobanoglous (1993) -5450 kJ/kg OM -3531.32 315.47 486.88
c) El-Fadel (1996) -3163 kJ/kg OM -2049.46 -1166.38 -1800.12
d) El-Fadel (1996) -265 kJ/mol CH4 -4746.95 1531.1 2363.00
e) El-Fadel (1996) -109 kJ/mol CH4 -1952.52 -1263.33 -1949.74
f) Yoshida and Rowe (2003) -43.5 kJ/mol CH4 -779.22 -2436.63 -3760.53
g) Tschobanoglous (1993) -11600 kJ/kg OM -7516.20 4300.35 6636.88
OM = organic matter
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Table 3.8: Application of derived enthalpies on stoichiometry of simplified scheme
Stoichiometry (kg) and enthalpies (kJ) for step R1
1 C30H53.4O14N0.7 + 0.76 H2O → 0.72 CO2 + 0.98 C2H4O2 + 0.06 C5H7NO2
-4,961.24 2,443.1 a)
-486.88 -3,005.02 b)
-1,800.12 -718.02 c)
2363 -12,087.80 -6,426.6 -7904.64 -274.7 -4,881.14 d)
-1,949.74 -568.41 e)
-3,760.53 1,242.39 f)
6,636.88 -9,155.02 g)
Stoichiometry [kg] and enthalpies [kJ] for step R2
1 C2H4O2 → 0.49 H2O + 0.06 CO2 + 0.43 CH4 + 0.02 C5H7NO2
-8,059.63 -7,798.08 -566.34 -2,000.34 -66.81 -2,371.94
Stoichiometry [kg] and enthalpies [kJ] for total reaction R
1 C30H53.4O14N0.7 + 0.28 H2O → 0.78 CO2 + 0.42 CH4 + 0.08 C5H7NO2
-4,961.24 116.77 a)
-486.88 -5331.35 b)
-1,800.12 -3044.35 c)
2363 -4,439.68 -6,982.05 -1,961.87 -340.23 -7207.47 d)
-1,949.74 -2894.74 e)
-3,760.53 -1083.94 f)
6,636.88 -11,481.35 g)
Table 3.9: Heat capacities cβp,pi of solid, liquid and gaseous components (kJ/(kg ·K))
c
H2O
p,g = 1.80 c
H2O
p,l = 4.18 c
DO
p,s = 0.8
c
CO2
p,g = 0.82 c
CO2
p,l = 4.18 c
IM
p,s = 0.8
c
CH4
p,g = 2.19 cAcp,l = 2.05 c
X
p,s = 0.8
Data for fluid components taken from NIST,
National Institute of Standards and Technology, Chemistry WebBook,
http://webbook.nist.gov/chemistry/, access in December 2009.
The application whithin the proposed reaction scheme provides much lower values than
those used by Hanel [99]. For R1 the highest heat release is −9155 kJ/kg, for the total
reaction R it is −11 481.35 kJ/kg. Some sets, a) and f), result in endothermic conditions.
Finally, set c) is chosen for all further analyses.
3.5.2 Heat Capacity
Heat capacities are required for determination of stored energy and are listed for the single
components in table 3.9. The heat capacity of the solid components is chosen similar to
soil. A detailed derivation analog to the heat conductivity would be possible as well.
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3.5.3 Heat Conductivity of the Porous Mixture
For evaluation of the heat flux according to (3.15), knowledge of heat conductivity λs is
essential. Hence, a macroscopic quantity describing the heat conductivity of the waste
mixture, λeff , has to be determined. A discussion on heat conductivity in porous media
is given for example by Kaviany [121]. The heat conductivity of a porous material is
dependent on the conductivity of the constituents and on their volume fractions nα. The
conductivity of the solid phase of the waste itself is dependent on the solid components
and derived in section 3.5.4. Additionally, the overall effective conductivity is influenced
by porosity and liquid saturation. Often, the lower and upper Wiener bounds, λL and
λU , are used to assess the limits of macroscopic heat conductivity. They are based on the
assumption of a parallel or serial connection of the constituents respectively, so that
λL =
(
n∑
α=1
nα
λα
)−1
(in series) and λU =
n∑
α=1
nαλα (in parallel) . (3.17)
The conductivity takes its lowest value for a serial connection of all materials, figure 3.12
a), and its highest value for a parallel alignment, figure 3.12 b). The Wiener bounds
are independent of the pore structure and thus applicable on any porous medium, Tong
et al. [228]. The final, effective conductivity is interpolated between λL and λU using
the parameter ηλ. This represents again an interpolation between a serial and a parallel
connection of the alignments corresponding to the Wiener bounds, see figure 3.12 c) and
d).
c) λeff. = (1− η)λL + ηλλU or d) λeff. =
(
(1− η)
λL
+
ηλ
λU
)−1
. (3.18)
More detailed combinations can be defined straightforward. In this thesis, the first formu-
lation of (3.18) is applied, whereas the parameter ηλ is chosen to ηλ = 0.75. Dach et al. [44]
apply the second approach in his model for waste. A detailed comparison of the approaches
may be the subject of further investigations, but is not within the scope of this thesis. The
conductivities of the fluid phases are assumed to be λl = 6.15× 10−04 kW/(m ·K) and
λg = 2.77× 10−05 kW/(m ·K). Additionally, a heat-transmission resistance coefficient of
αt = 0.05 (m
2 ·K)/W at outer heat flux boundaries is assumed.
3.5.4 Heat Conductivity of the Solid Phase
The derivation of solid phase heat conductivity is based on the composition of the waste
used in the CAR experiments and on data for waste from the city of Neumu¨nster shown by
Sigel [216] (NMS waste), see charts 3.13 and 3.14. Thermal conductivities and densities of
different (waste) materials are given in Miller and Clesceri [164] and are listed in tables 3.10
and 3.11 for the corresponding fractions. The conductivity of the solid phase is derived at
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Figure 3.12: Heat conductivity models for porous media, after Tong et al. [228]
the lower and upper Wiener bounds, λLs and λ
U
s , according to (3.17). Simultaneously, the
intrinsic solid density is derived. As the solid particles are assumed to be incompressible,
their conductivity is not a function of stress. An additional dependence on temperature
is not considered as well.
For the CAR waste, an intrinsic density of ρ˜s = 870 kg/m
3 is obtained, whereas, for the
Neumu¨nster waste (NMS) the density is ρ˜s = 1042 kg/m
3. The effective solid thermal
conductivity is between 0.104W/(m ·K) and 3.264W/(m ·K) for the CAR and between
0.103W/(m ·K) and 0.265W/(m ·K) for the Neumu¨nster waste. The range for the NMS
waste is considerably low mainly due to the lower fraction of metals. For the CAR waste,
it is assumed that the metal fraction is contributed by a value of 5% to Aluminium.
The plastic fraction of the NMS waste is attributed to light and heavy plastic one half
each. It has to be emphasised that the intrinsic density and the conductivity are, of
course, dependent on the intrinsic densities of the components which are partly difficult
to estimate, e.g. for food. The obtained data is thus recognised to be within an realistic
range. For the computations later on, a heat conductivity of λs = 0.150W/(m ·K) is
assumed if not stated elsewise.
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Paper and card-
board 27.34%
Light plastics
10.16 %
Heavy plastics
18.78 %
Wood
3.19 %
Yard waste
18.40 %
Food
2.27 %
Textiles
3.08 %
Combustible 2.96 %
Metals
6.78 %
Glass
2.63 %
Others <10mm
13.32 %
Figure 3.13: Composition of waste used in CAR experiments, mass fractions by dry
weight, Ivanova [118]
Paper and card-
board 10.50%
Plastics
32.00 %
Wood
2.60 %
Yard waste, food
26.90 %
Textiles
4.60 %
Combustible 0.70 %
Metals
3.40 %
Glass
19.30 %
Figure 3.14: Composition of waste from Neumu¨nster, mass fractions by dry weight, Sigel
[216]
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Table 3.10: Mass fractions in CAR test, for determination of ρ˜s and λ
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W
)
Food 0.05 1100 2.27 0.002 0.001 0.359
Paper, 0.14 920 27.34 0.030 0.036 1.846
cardboard
Heavy plastics 0.16 920 9.87 0.011 0.015 0.583
Light plastics 0.16 600 10.16 0.017 0.024 0.920
Textiles 0.33 1300 3.08 0.002 0.007 0.062
Yard waste 0.05 700 18.40 0.026 0.011 4.572
Wood 0.15 800 3.19 0.004 0.005 0.231
Glass 0.77 2500 2.63 0.001 0.007 0.012
Metals 16.00 7000 1.78 2.54e-4 0.035 1.38e-4
Aluminium 192.17 2700 5.00 0.002 3.095 8.38e-5
Fine fraction 0.16 900 13.32 0.015 0.021 0.805
others
Combustibles 0.16 600 2.96 0.005 0.007 0.268
Sum 100.00 0.115 3.264 9.660
reciprocal 0.104
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Table 3.11: Mass fractions in NMS waste, for determination of ρ˜s and λ
λLs λ
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Food 0.05 1100 20.00 0.018 0.009 3.648
Paper, cardboard 0.14 920 10.50 0.011 0.017 0.818
Heavy plastics 0.16 920 16.00 0.017 0.029 1.091
Light plastics 0.16 600 16.00 0.027 0.044 1.672
Textiles 0.33 1300 4.60 0.004 0.012 0.108
Yard waste 0.05 700 6.90 0.010 0.005 1.978
Wood 0.15 800 2.60 0.003 0.005 0.217
Glass 0.77 2500 19.30 0.008 0.062 0.101
Metals 16.00 7000 3.40 4.86e-04 0.081 0.0003
Aluminium 192.17 2700
Fine fraction, others 0.16 900
Combustibles 0.16 600 0.700 0.001 0.002 0.076
Sum 100 0.096 0.265 9.706
reciprocal 0.103
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4 Constitutive Model for Multiphase, Multicomponent
Transport in Waste
As described by figure 2.1, waste is a porous medium with two phases filling the pore
space: a gas phase (the landfill gas) and a liquid phase (the leachate). In general, states
between full saturation and dry conditions are possible, compare also (2.4). However, if a
landfill is equipped with a working drainage system, the waste is likely to be unsaturated
at most times. Local saturated conditions may occur due to intermediate layers with low
hydraulic conductivity.
Products of the degradation processes influence the composition of both the liquid and
the gas phase, cf. figure 3.3. The components of the phases are transported with the phase
velocity which is termed convective transport. Several effects may cause a deviation of
purely convective transport. Triggered by Brown’s molecular movement, components are
also transported by diffusive processes if gradients in concentration are present. Addi-
tionally, transport relative to the phase velocity may be caused by dispersion, whereby
components are diverted around the solid particles. Longitudinal and Lateral dispersion
are distinguished. Retardation describes the retention of components, for example due to
sorption.
Considering that the fluid phases of MSW are composed of several components, multipha-
sic, multicomponent transport has to be modelled including description of phase changes.
As in description of mechanical phenomena, approaches from soil mechanics are often
applied on waste. The following sections show the hydraulic properties of municipal solid
waste in detail and explain the selected modelling approach after a brief review of existing
models in section 4.1. Section 4.2.2 includes a description and discussion of own experi-
ments on the moisture retention behaviour of MBT waste performed in cooperation with
Edinburgh Napier University.
4.1 Models for Transport Processes in Waste
Key issues of developed models are the description of water balance, leachate chemistry,
moisture movement and gas transport. A basic difference between many leachate models
is the treatment of the landfill body itself. Some models focus on the water balance of the
entire landfill only. The moisture distribution within the waste body itself is not described
but only the balance of fluxes into and out of the waste body. This approach is often called
water balance method. Other models additionally describe the transport process within
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the waste by a spatial discretisation of the landfill body. Those models are sometimes
termed distributed models.
Both types of models are developed and analysed by Straub and Lynch [221]. The au-
thors compare a model, that treats a waste volume as a single well-mixed reactor with
a one-dimensional model based on solution of Richards’ equation by means of a finite
difference scheme and explicit time integration. For describing unsaturated conductivity
data obtained for a fine grained soil is used, as sufficient data for MSW is not available
at that time. The model is validated using data from a lysimeter experiment and later
extended to include influence of degradation processes, see [222].
Similarly, the model by Korfiatis et al. [134] for flow processes in refuse solves Richards’
equation. The difficulties with an explicit time discretisation scheme, like also used by
Straub and Lynch, are discussed and an implicit scheme is chosen. Korfiatis et al. also
face a lack of data on water retention behaviour of waste, and so an experimental leaching
column is set up for validation of their model. Rainfall events are simulated by controlled
moisture input. The column is equipped with tensiometers to monitor suction over refuse
depth. With the same material, one of the first moisture retention curve for waste is deter-
mined in separate experiments. From tensiometer readings, the occurence of channeling
is concluded. Later, a sensitivity analysis is conducted by Demetracopoulos et al. [49] to
analyse the influence of grid size and time stepping as well as permeability and diffusivity
on the results.
One of the most popular water balance models is presented in the early 1980s under the
name Hydrologic Evaluation of Landfill Performance Program HELP, cf. Schroeder et al.
[212]. HELP is widely used in engineering practice. It describes the two dimensional wa-
ter flow through a landfill and considers various effects on the water balance like surface
storage, snowmelt, surface runoff, infiltration, evapotranspiration and leachate recircula-
tion. Various combinations of vegetation, cover soils, waste cells and liner systems may be
modelled. Different layer types account for vertical gravity driven percolation and lateral
drainage. Thereby, unsaturated hydraulic conductivity is considered.
Noble and Arnold [183] present the one dimensional finite difference model FULFILL
which solves Richards’ equation in one dimension. For validation of the model, a verti-
cal infiltration experiment and a capillary rise experiment are conducted in a laboratory
column. Shredded paper serves as a substitute for MSW. Both a power law and an ex-
ponential relationship are used to describe the dependency of permeability and suction
on saturation. The authors correlate their results to the Washburn equation for capillary
flow. The experiments show the significance of capillary effects on moisture flux.
In their model FILL, Khanbilvardi et al. [124] solve Richards’ equation for two dimensions
including surface runoff, snowmelt and evaporation. FILL is used to simulate leachate flow
in a landfill site, and the results are compared with those obtained by HELP and a model
by US EPA. Their results show that the correct description of surface runoff and evapo-
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ration are of high importance. Similar issues are discussed by Murphy and Garwell [178]
who review water balance models developed between 1980 and 1994. They analyse a lab-
oratory scale model of a final cover system considering surface runoff, infiltration and
leakage.
McDougall et al. [159] solve Richards’ equation in two dimensions by means of the finite
element method. The authors apply a soil moisture characteristic curve and a relative
permeability function derived from tests on a mixture of partially humified peat and co-
coa shells. The model is verified using literature data on column tests. One novel aspect
of their model is that it allows for description of the infilling process of a landfill by a
successive activation of finite elements. In a series of tests, the model is used to simu-
late moisture distribution in an idealised landfill site geometry using rainfall statistics. A
discussion of their contribution, see [160], indicates the need for a fully coupled model,
so that variation of hydraulic conductivity dependent on stress and degradation state
can be modelled. Whereas many researchers apply numerical methods, in some cases also
analytical solutions are available for certain initial and boundary conditions are applied.
For instance, Shackelford and Glade [213] describe mass leaching in contaminated soil
laboratory columns. They consider advection, dispersion and retardation of components
with the aim of modelling solute breakthrough curves (BTC) in column testing.
Breakthrough curves obtained in column testing may indicate the occurence of preferen-
tial flow in waste, like observable in structured soils. A general review on channeling flow
is for example given by Brusseau and Rao [33]. Motivated by previous observations by
researchers, Uguccioni and Zeiss [231] are among the first to model moisture movement in
MSW including preferential flow. They compare the HELP model and PREFLO, a two-
domain model for unsaturated flow in fractured porous media. Based on their findings,
the authors recommend development of a novel approach for leachate prediction in MSW
considering two-domain flow.
Similarly, Bendz et al. [18] assume that the flow pattern in landfills consists of mainly con-
vective flow of mobile water in a channel domain and transport within a matrix domain
where capillary forces and diffusion are dominant. Vertical flow in the matrix domain is
neglected. A mass transfer between the two domains is included. Bendz and Singh [17]
calibrate the previously developed model using breakthrough curves of tracer experiments
in a waste column.
McCreanor and Reinhart [156] apply the SUTRA model developed by United States
Geological Survey to describe recirculation. Heterogeneous properties of the waste are
described by a statistical distribution of hydraulic conductivity. Cases with isotropic and
anisotropic conductivity are compared. The authors verify their approach using data from
landfill sites with a recirculation system. They point out that channeled flow is a major
mechanisms for which not much knowledge exists yet.
Preferential pathways in MSW are addressed by Rosqvist and Destouni [201] in a study on
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lithium transport through both a biodegraded solid waste sample and a pilot-scale landfill.
Tracer tests with lithium are conducted and the resultant breakthrough curves (BTCs)
are analysed using a probabilistic approach. BTC patterns indicate a rapid flow through
preferential paths followed by slow flow in domains with less mobile water. Additionally,
exchange between the domains by diffusion is likely to occur. The site tests show that
quite a high amount of tracer is displaced laterally, indicating an anisotropic permeability
of the waste. It is concluded that models which treat waste as a homogeneous porous
medium are not sufficiently appropriate.
Extending the dual-domain approach , also triple porosity models may be developed as
shown by Bai and Roegiers [9].
Oonk and Woelders [188] point out the impact of preferential flow in landfills as well. Fur-
thermore they state that integrated models are needed and that research on hydrologic
properties of waste has to be increased.
The review shows that the significance of preferential flow in waste is widely recognised,
whereas in practice Darcy type models are often used. For description of multiphase flow,
knowledge on moisture retention behaviour of waste is needed. Still, there are only a few
data sets available, partly because experiments are in general difficult with waste material.
By solving Richards’ equation, liquid flow in the unsaturated zone is described by a flow
of the liquid phase only, whereas the influence of air movement is not directly considered.
The procedure implies that no gas pressure gradients occur as the gas phase is free to
move in any case. Schrefler et al. [210] pick up the findings of other researchers, that
this assumption is not appropriate in every case and develop a model for unsaturated
consolidation including multiphase flow. The explicit consideration of the gas phase in
landfills is important if gas pressure rise due to degradation is considered and if it cannot
be assumed in any case that gas leaves the waste instantaneously.
For a more comprehensive overview of transport models the reader may be referred to the
reviews by El-Fadel et al. [66], [67], and [68], or Kazimoglu [122].
4.2 Moisture Storage in Waste
The moisture storage properties of waste are very important for modelling and discussed
here in a special section as they are different to those of most soils or other porous media.
For an overview of soil hydraulic properties the reader may be referred to Fredlund [84],
Durner and Flu¨hler [57] and others.
4.2.1 Porosity and Pore Structure
The observation of preferential flow in experiments on waste indicates special character-
istics of the waste’s pore structure. Whereas soil particles represent a pure solid itself, so
that the pore space is mainly the volume between the particles, sometimes termed inter-
58
particle pore volume, the individual particles of waste may exhibit an intraparticle pore
space as well, which is formed by very small or even closed pores within the visible solid
particles. In that sense, also micropores and macropores are often distinguished, which is
however not a unique definition, if no distinct pore size limits are given.
Correspondingly, the fluid phases in MSW may exist in a free form and in a bounded
form, being trapped in closed pores and isolated from the fast convective transport in
the larger macropores. The liquid can then also be regarded as being part of the solid
material, see figure 4.1. Correspondingly, different quantities describing porosity may be
distinguished, such as total porosity, drainable porosity or effective porosity. The moisture
retention properties of waste cause that often a waste sample visibly appears more dry as
a soil sample of same water content.
The existance of a micropore system is proven by measurements of field capacity. This
quantity is of high importance for engineering practice to estimate the amount of leachate
retained by the waste, although a clear definition is often lacking, see De Vela´squez et al.
[48]. McDougall et al. [161] observe that gravimetric moisture content remains unaffected
from overburden pressure at low stresses as the water is stored in the micropores and
mainly the macropore systems is compressed first. Similarly, the measurements by Blight
et al. [27] show only small changes in field capacity for unit weights from 2.5 kN/m3 to
12.6 kN/m3. As described in section 4.1, the tailing of breakthrough curves in tracer exper-
iments is often attributed to a micro-/macropore regime, e.g. by Rosqvist and Destouni
[201]. Total porosity is not constant but dependent on the compaction state of the material.
model
idealisation phases zoom
gas
solid
dv
dvg
dv
l
dvs
d
v
p
g
p
o
ro
s
it
y
“freewater”
in large pores
“bound water”
in closed pores
and micropores
liquid
Figure 4.1: Model of moisture storage in MSW, [167]
If degradation processes are neglected, compaction may be caused by the compressibility
of the granular skeleton and by the compressibility of the solid particles. At this point,
it is very important to clarify the definition of a solid waste particle. Within this con-
tribution, a solid particle refers to the solid phase itself. The intraparticle pore space is
attributed to the total pore space, and it is assumed that the solid grains are incompress-
ible. Thus, for the case that no mass exchange with the solid phase occurs, the porosity
on the current configuration is dependent on the deformation only. The whole volume
change ∆v = dv − dV0 of a control volume of the mixture results in a corresponding
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Figure 4.2: Porosity values measured by Bente and McDougall [20]
volume change of the pore space. The current porosity φ can then be derived from the
initial porosity φ0 using (2.3) and (2.10) to
φ =
dV p0 +∆v
dV0 +∆v
=
dV0φ0 + dv − dV0
dv
= 1 + (φ0 − 1)dV0
dv
= 1 +
(φ0 − 1)
detFs
, (4.1)
where dV0 and dV
p
0 represent initial volume and initial pore volume, respectively, and
where dv is the current volume of a REV. When the volume change equals the initial
pore volume, the porosity becomes zero. This state is related to the intrinsic density ρ˜s.
Alternatively, approaches may be applied that separate compressibility of the grains and
of the solid skeleton by a multiplicative split of the deformation gradient, see de Boer [47].
If solid mass loss due to degradation of organic matter is considered as well, the porosity
is not directly linked to deformation only. Rather, it is related to partial solid density ρs
and intrinsic density ρ˜s by
φ =
dv − dvs
dv
=
dv − ρsdv
ρ˜s
dv
=
ρ˜s − ρs
ρ˜s
= 1− ρs
ρ˜s
. (4.2)
A crucial point is the knowledge of the intrinsic density ρ˜s, which is – like porosity –
difficult to measure. It may vary considerably dependent on the contained materials. Very
light plastics might be contained together with very heavy metals or stones. For instance,
figure 4.2 shows experimental data on relation of dry density and porosity of MBT waste
from Bente and McDougall [20]. The porosity is estimated from the water content at full
saturation. Thereby, one has to keep in mind that this represents a lower limit only, as still
air pockets might exist due to insufficient saturation of the intraparticle pore space. The
variation in density is however not accompanied by a corresponding change in porosity.
Additional experiments may identify the influence of sample size on the results. For the
analyses later on, intrinsic density of waste materials is estimated from a composition
analysis and intrinsic densities of the components as shown in section 3.5.3.
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4.2.2 Moisture Retention and Matric Suction
The retention of the wetting, liquid phase in open pores is caused by capillary effects. The
capillary pressure, or matric suction, pc is the difference between the pressure of the gas
phase, representing the non-wetting phase here, and the liquid pressure
pc = pg − pl . (4.3)
Its magnitude depends on the pore size, on the surface tension of the liquid and on the
texture of the surface of the pores. For engineering practice and modelling, suction is
usually related to moisture content or saturation, based on the idea that pores of different
diameter are filled at different stages of moisture content, starting with infiltration of
the smallest pores at low saturations. The mathematical representation of this relation is
termed Soil Water Characteristic Curve1. Thereby, the saturation Sl is often expressed
in terms of the dimensionless effective saturation Se which is defined by
Se =
Sl − Sl,res
1− Sl,res =
nl − nl,res
φ− nl,res , (4.4)
where Sl,res is the residual water content. This quantity is often supposed to reflect an
irreducible water content, e.g. by Mitchell and Santamarina [166]. In contrast, some re-
searchers note that a solely physical interpretation is impossible, Helmig [103], and that
its meaning depends at least on its experimental determination, so that a treatment of
Sl,res as a curve fitting parameter is considered to be sensible as well, e.g. Corey [43]. The
latter interpretations are followed in this contribution, too.
The SWCC is a very essential relation in the modelling of unsaturated conditions. It influ-
ences seepage velocities, pressure fields and, dependent on the formulation, the effective
stress. A change in the SWCC may thus affect simulation results remarkably. In general,
total suction is the sum of matric suction and osmotic suction, which is triggered by so-
lutes in the pore fluid. The effect of osmotic suction is neglected in this thesis.
Two approaches for a SWCC are applied in this thesis, whereas no hysteresis is considered.
According to Brooks and Corey [31] the capillary pressure is
pc =
pb
S
(1/λBC )
e
(4.5)
with the air entry pressure or bubbling pressure pb and a parameter λBC . The soil water
characteristic curve according to Brooks and Corey exhibits a discontinuity at Se = 1.0.
Motivated by the advantages of a continuous closed form equation for numerical applica-
1Several names are used in the literature for the SWCC, including moisture retention curve, soil-water
retention curve, specific retention curve and moisture characteristic curve.
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Figure 4.3: Site measurement of suction profiles at end of dry season by Blight et al.. Mea-
surement in three boreholes at Coastal Park landfill (left) and two boreholes
at Linbro Park landfill (right).
tions van Genuchten [234] develops the relation
pc =
1
αV G
((Se)
−1/mV G − 1)1/nV G where mV G − 1 + 1
nV G
= k and k ∈ N , (4.6)
with the parameters αV G, mV G and nV G. A relation between mV G and nV G enables in-
tegration of the equation presented by Mualem [172]. Often k = 0 is chosen, so that
mV G = 1− 1/nV G.
Korfiatis et al. [134] are among the first to determine a moisture retention curve for
waste, in particular for a six months old refuse from a local landfill, see figures 4.6 and
4.7. McDougall et al. [159] determine a SWCC for a mixture of peat and cocoa shells as a
surrogate for MSW. The material has a very high water content at saturation and so the
obtained curve is shifted to a saturated water content of about 35% which is assumed be
more likely for waste. Kazimoglu [122] presents measurements of suction in an artificial
waste sample using a pressure plate apparatus. The data is plotted together with own data
in figures 4.6 and 4.7. Site measurements of suction by Blight et al. [27] at two African
landfills are shown in figure 4.3. At the end of dry season, suction is measured in boreholes
by means of psychrometers. At most borehole depths, suction is below 300 kPa, wheras
the values are not given in direct relation to water content. Relatively high suctions are
observed at Linbro Park landfill in the upper layer of 1m, which can be explained by a
higher evaporation near to the surface. It is interesting that in one borehole at Coastal
Park landfill suction suddenly increases at a depth of 5m indicating an area of lower
moisture content than above. From the measured values, Blight et al. conclude that the
waste contains sufficient moisture to maintain biological activity. Although experimental
evidence concerning suction in waste has considerably increased the last years, it seems
that the mechanisms of moisture retention are still not completely understood and that
experimental evidence is still lacking. This is confirmed by the outcomes of the first work-
shop on moisture retention of waste MMW 1, [167].
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The importance of moisture retention data for multiphase flow modelling motivates the
performance of own experiments. In cooperation with Dr. John McDougall, Edinburgh
Napier University, the water retention behaviour of mechanically biologically pretreated
(MBT) waste is investigated combining pressure plate tests and tensiometer measure-
ments, the latter of which are not discussed herein.
The MBT material, shown in figure 4.4 (a), is provided by a treatment plant in Han-
nover, Germany. After a mechanical treatment, which includes removal of large objects,
shredding, sieving and scanning for metals, the residual fine fraction is treated first anaer-
obically and then aerobically. The particle size distribution as obtained from a small 600 g
sample, is shown in figure 4.4 (b). The pressure plate extractor is a laboratory equipment
0
20
40
60
80
100
0 10 20 30 40 50
Sieve size (mm)
P
er
ce
n
ta
ge
fi
n
er
(%
)
(a) Material, 2£ coin for comparison (b) Results of sieve analysis
0 10 20 30 40 50 60
0
50
100
150
200
250
Duration(d)
S
u
c
ti
o
n
(
k
P
a
)
50
100
200
25
50
100
sample 6
sample 5
samples 3 & 4
samples 1 & 2
0 10 20 30 40 50 60
0
50
100
150
200
250
Duration (d)
S
u
c
ti
o
n
(
k
P
a
)
samples 1,2,3,4
10
20
50
100
200
(c) Pressure sequence set 1 (d) Pressure sequence set 2
Figure 4.4: Pressure plate tests at Edinburgh Napier University, May 2009, material and
pressure sequences
for the determination of moisture retention properties of porous media like soils. It is es-
pecially suited to small soil samples that can be removed from the apparatus and weighed
to determine moisture content. Figure 4.5 shows the experimental setup including a cross
section of the pressure plate extractor in (c). It consists of a pressure vessel within which
there is a high air entry ceramic disc. The used plate has an air entry pressure of 3 bar,
corresponding to approximately 300 kPa. The pressure vessel is connected to a compressed
air supply. Initially, the ceramic disc is saturated with water. By a tube through the wall
of the vessel the disc is connected to a water filled burette outside the pressure vessel,
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which is open to the atmosphere. Hence, the water in the ceramic disc is at atmospheric
pressure. The difference between the air pressure in the vessel and the pressure of the
water in the ceramic disc equals–if in equilibrium with the pressure of the water in the
sample–the suction acting on the soil sample. The burette readings are used as an indi-
cator for equilibrium at a certain suction level. The first test regime (set 1) comprises 6
(a) Samples on ceramic disc (b) Pressure plate extractor
air
supplyoutflow
tube
neoprene
diaphragm
porousceramic
plate
sample
(c) Cross section of pressure (d) Close-up of sample
plate extractor
Figure 4.5: Pressure plate tests at Edinburgh Napier University, May 2009, experimental
setup
MBT samples whereas the imposed pressure is first increased and then decreased, repre-
senting a sequence of drying and wetting, see figure 4.4 (c). Some samples are removed
from the test programme for drying at a specific imposed suction (samples 3, 4, 5 and 6)
whereas others are weighed at a specific suction and then returned to the pressure plate
for equilibration at a new suction (samples 1 and 2). Moisture content for samples 1 and
2 is back calculated from weighing before and after oven drying at the end of the test. In
set 2, four samples of MBT are investigated analogously. The pressure sequence includes
drying only and all samples go through the complete pressure sequence, see figure 4.4 (d).
On removal from the suction loading phase all samples, with the exception of sample 6
from set 1, are saturated in the perspex rings for 48 h to establish the saturated volumetric
moisture content that is assumed to equal porosity.
Imposed suctions and corresponding moisture contents are shown in figures 4.6 and 4.7 for
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both sets. A mathematical interpretation of the water retention curve using both Brooks
and Corey and van Genuchten is plotted as well. The obtained parameter sets are listed
in tables 4.1 and 4.2. The data points are scaled with porosity to plot the results in terms
of both nl and Sl.
1 For comparison, the data or SWCCs published by other researchers
are plotted as well (note that the data from Stoltz and Gourc shows suctions up to 8 kPa,
so the data points are within a very low range in the used scale.)
The highest imposed suction of 200 kPa leads to a volumetric moisture content of 43%
for set 1 and 30% for set 2. Using the porosities according to figure 4.2 this refers to
saturations of about 70% and 45%. It is remarkable that even for the same material
at nearly the same density the capillary pressure relations do not coincide. This can be
seen for example from the samples at 0.69 and 0.68Mg/m3 or 0.63 and 0.64Mg/m3. Any
conclusions on density dependency have thus to be drawn very carefully. It is assumed
that the variation is mainly due to the different intrinsic density of particles contained in
the individual samples.
The resulting curve is thus more a product of the entire data set and does not allow for
any distinction between retention properties at different densities. Such a distinction may
indeed not be possible since the densities at which the test can be performed in this way
is limited. Samples subjected to greater compaction are very slow to absorb added water
whereas more lightly compacted material tends to drop out of the perspex ring. Hence the
data obtained here is presented as an interpretation of moisture retention of the particular
MBT waste with a dry density of approximately 0.7Mg/m3.
Although a formulation of the SWCC dependent on density or porosity seems to be reason-
able, it is important to note that any relation may be only valid for a particular material
at a certain composition and cannot neccessarily be transferred to other waste materials.
Suggestions for a relation are made by Krase et al. [136]. Following the discussion above,
a SWCC, which is independent of compaction, is assumed for further analyses.
Table 4.1: Parameters for describing different experimental results by the relation accord-
ing to Brooks and Corey
parameters Brooks Corey
φ λBC pbub (kPa) nl,res Sl,res
Stoltz and Gourc [220], 0.54Mg/m3 0.63 0.86 2.95 0.260 0.41
Stoltz and Gourc [220], 0.77Mg/m3 0.46 0.21 7.98 0.190 0.41
Bente and McDougall [20]1, set 2 (0.57 to 0.68 )Mg/m3 0.70 0.24 8.00 0.140 0.20
Bente and McDougall [20]1, set 1 (0.64 to 0.75 )Mg/m3 0.62 0.45 8.00 0.403 0.65
1 MBT waste
Still it may be subject to discussion whether the whole concept of capillary action can be
transferred to laboratory and site conditions of waste and landfills. Engineering practice
often does not prove strong capillary rise. A great moisture retention capacity is, however,
1For the description with the relations of Brooks and Corey and Van Genuchten one average porosity
for each parameter set is used. Thus, the fittings differ slightly in the two representations.
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Figure 4.6: Measured suction and its mathematical representations according to Brooks
and Corey in comparison with literature data on waste materials with different
dry densities. Data from [20] and [220] is shown both in terms of volumetric
moisture content and liquid saturation.
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Figure 4.7: Measured suction and its mathematical representation according to van
Genuchten in comparison with literature data on waste materials with differ-
ent dry densities. Data from [20] and [220] is shown both in terms of volumetric
moisture content and liquid saturation.
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Table 4.2: Parameters for describing different experimental results by the relation accord-
ing to van Genuchten
parameters Van Genuchten
φ αV G (kPa
−1) mV G nV G nl,res Sl,res
Stoltz and Gourc [220], 0.54Mg/m3 0.63 1.250 0.60 2.50 0.260 0.41
Stoltz and Gourc [220], 0.77Mg/m3 0.46 0.400 0.29 1.40 0.190 0.41
Bente and McDougall [20]1 0.70 0.900 0.20 1.25 0.140 0.21
set 2 (0.57 to 0.68) Mg/m3
Bente and McDougall [20]1 0.62 0.150 0.41 1.70 0.403 0.65
set 1 (0.64 to 0.75) Mg/m3
cited in Ru¨th et al. [204]1,3 0.50 0.015 0.20 1.25 0 0
cited in Ru¨th et al. [204]2,3 0.65 0.040 0.31 1.45 0.07 0.11
1 MBT waste, 2 compost,3 own additional assumption: φ = Sl
usually observed, but this may be attributable to an intraparticle pore space as well. A
hydrophobic surface of the waste particles might interfer wetting, which is for example
observed if the material is very dry. Another explanation for less capillary rise than ex-
pected from laboratory experiments may be capillary barrier effects. More experimental
data is needed for an in-depths understanding of moisture storage in waste. Based on
the experience gained in the experiments on MBT waste, it seems interesting to compare
suction measurements of different sieving sizes and to combine suction measurements with
outflow experiments. The effect of sample size is very interesting as well, but testing larger
samples would increase time for equilibration in the pressure plate extractor considerably.
4.3 Flow of Liquid and Gas Phase
Either fluid phase simultaneously flows through the pore space, whereas the two phases
interact with each other. Following the macroscopic approach described in chapter 2, the
Darcy velocity is used to describe convective transport. Convective gas flow is considered
in addition to liquid flow mainly to describe gas pressure rise from chemical reactions.
Any influence of preferential flow or channeling is not considered yet, but represents an
interesting future extension of the model.
4.3.1 Darcy’s Law
Darcy’s law is empirically derived for saturated, one-dimensional flow and states a linear
relationship of macroscopic velocity and pressure gradient. It is important to notice that
the Darcy velocity does not represent the real, average relative velocity between fluid and
solid vpis, as it is an averaged quantity, also termed filter velocity or seepage velocity. It
equals the volume flux through a sample divided by its total cross section. The Darcy law
can be generalised to cover unsaturated flow by introducing relative permeabilities kpi,rel.
For a liquid and a gas phase, the Darcy velocities vl,D and vg,D within a three-dimensional
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framework are
vl,D = nlvls = nl(vl − vs) = −kl,rel
ηl
K(grad pl − ρ˜lg) , and (4.7)
vg,D = ngvgs = ng(vg − vs) = −kg,rel
ηg
K(grad pg − ρ˜gg) . (4.8)
In general, the permeability K (m2) may be anisotropic and represents a tensor quantity.
Permeability is related to the hydraulic conductivity kf (m/s) by
kpi,f = K
ρpi
ηpi
g = K
1
νpi
g =⇒ e.g. for liquid at 20 ◦C kl,f(m/s) = K · 1× 107 (m2) . (4.9)
The permeability is a property of the pore space only. In contrast, the hydraulic conduc-
tivity depends on the fluid properties and, via the dynamic viscosity ηpi or the kinematic
viscosity νpi, also on the temperature. The relation of relative permeability and dynamic
viscosity λpi =
kpi,rel
ηpi
is termed mobility of phase pi.
The term (grad ppi − ρ˜pig) shows that the Darcy velocity is zero if the pressure gradient
coincides with the pressure gradient at hydrostatic conditions. The Darcy law is valid for
a certain range of flow velocities, w.r.t. waste this issue is addressed by Hanel [99]. By
applying Darcy’s law, nonlinearities due to inertia effects or turbulences are assumed not
to be relevant in the considered flow regime. An overview of non-Darcian models, like the
Forchheimer equation, is for example given by Hamdan [97].
4.3.2 Saturated Hydraulic Conductivity of Waste and Deformation
Dependent Permeability
In experiments usually the hydraulic conductivity is measured and the permeability then
back calculated considering temperature and fluid density. Dixon and Jones [52] report
about engineering properties of municipal solid waste and stress the variation of hydraulic
conductivity. An overview of published conductivity data is for example given in Durmu-
soglu et al. [56] and Beaven [13]. The published hydraulic conductivity varies over several
orders of magnitude from 3× 10−8m/s to 2× 10−2m/s. For a temperature of 10 ◦C and
a density of 1000 kg/m3 this corresponds to a permeability variation of 4.0× 10−15m2 to
2.7× 10−9m2.
A comprehensive overview on factors influencing hydraulic conductivity is recently given
by Hudson [112]. Among the several factors, the proposed coupled model considers the
influence of compaction on permeability and the influence of temperature on the fluid
viscosity.
Several experiments, e.g. by Chen and Chynoweth [38], Durmusoglu et al. [56] and Powrie
et al. [194], prove that hydraulic conductivity, and therefore also the permeability, de-
creases with densification. Figure 4.8 shows data from Powrie et al. [194]. On a semi-
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logarithmic scale the relation of hydraulic conductivity and wet density is nearly linear,
whereas the slope is almost equal for the four tested materials.
With respect to permeability change, the state of densification is expressed by the poros-
ity in this thesis. Thereby, the effect of compaction on permeability is taken into account
by a power law (4.10) between porosity and permeability, as for example used by [63],
K = K0 ·
(
φt
φ0
)κφ
=⇒ K =
(
ρ˜s − ρs,i
ρ˜s − ρs,0
)κφ
·K0 with (4.2) . (4.10)
φ0 and K0 refer to initial porosity and permeability respectively. The parameter κ enables
a weighting of the deformation dependence. For κφ = 0 the permeability remains constant,
if κφ = 1 a linear relationship is obtained. It is assumed that the change of permeability
is isotropic, i.e. a unique value of κφ is used for all principal directions. Additionally,
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Figure 4.8: Saturated hydraulic conductivity of the liquid phase vs. dry density, from
Powrie et al. [194], compared with modelling approach
experiments like those by Mu¨nnich et al. [175] show a difference between horizontal and
vertical conductivity. The way of emplacement in thin layers with subsequent compaction
causes an orientation of the particles in horizontal direction leading to an anisotropic
permeability. In this thesis, it is assumed that the principal directions of permeability
coincide with the orientation of the fibres in the local frame, so that the tensor Kloc has
a diagonal coefficient matrix
Kloc =


K11 0 0
0 K22 0
0 0 K33

 . (4.11)
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Figure 4.9: Tests by Mu¨nnich et al. [175] on relation of vertical and horizontal conductivity
of mechanically and biologically pretreated waste
Figure 4.9 shows horizontal and vertical hydraulic conductivities for different wet densities
as measured by Mu¨nnich et al. [175]. Two materials are compared in the experimental
investigation. Material 1 ist treated aerobically and sieved to obtain a fraction with particle
sizes smaller than 30mm. Material 2 is treated anaerobically and aerobically and then
sieved to particle sizes smaller than 60mm.Throughout this thesis, a relation of vertical
to horizontal permeability of KV : KH = 1 : 10 is assumed.
During deformation, two cases are conceivable. First, the planes of high permeability might
rotate according to the deflection of a control volume, or, the initial orientation might be
retained. In the model, the influence of rotation may be described by a transformation of
local permeability to the global frame with the tensor R
Kglob = R ·Kloc ·RT . (4.12)
The same tensor is used in to determine the orientation of fibrous particles. The rotation
tensor R is formed by the vectors describing the initial principal directions of permeability
which are rotated using the deformation gradient. If the rotational deformations are small,
the tensor R is set equal to 1 in (4.12).
4.3.3 Unsaturated Hydraulic Conductivity
The direct experimental determination of unsaturated hydraulic conductivity is difficult,
so researchers develop approaches to calculate unsaturated hydraulic conductivity from
the soil water retention curve, which can be obtained more easily. Thereby, the conduc-
tivity at full saturation is scaled with the relative permeability kpi,rel. Among the most
popular models are the approaches by Brooks and Corey [31] together with Burdine [34]
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with
kl,rel = S
2+3λBC
λBC
e and kg,rel = (1− Se)2
(
1− S
2+λBC
λBC
e
)
, (4.13)
and van Genuchten [234] together with Mualem [172] where
kl,rel = S
1
2
e
(
1−
(
1− S
1
mVG
e
)mV G)2
and kg,rel = (1−Se) 13
(
1− S
1
mVG
e
)2mV G
. (4.14)
Figure 4.10 shows the relative permeabilities using both (4.13) and (4.14) in terms of
volumetric moisture content for the data from [20] as well as Stoltz and Gourc [220], as
shown in section 4.2.2.
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Figure 4.10: Relative permeabilities after Brooks Corey (left) and Van Genuchten (right)
for the data from [20] and [220] in terms of volumetric moisture content
4.3.4 Temperature Dependence of Viscosity
As seen before, the fluid viscosity influences the hydraulic conductivity. The density vari-
ations due to the composition of the liquid phase are very small, so only the temperature
effect is considered here. The viscosity of the liquid phase is supposed to equal that of
water. For its temperature dependence the following relation, proposed by Poiseuille, is
given in Oumeraci [189]
νl =
1.78× 10−6
1.0 + 0.0337 Θ + 0.000221 Θ2
, (4.15)
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Figure 4.11: Temperature dependence of gas component viscosities
whereas the kinematic viscosity νl is obtained in (m
2/s) if the temperature Θ is given in
(◦C).
The viscosity of the gas mixture is determined after Helmig [103] using the temperature
dependent viscosities of the gas components weighted by the mass fractions respectively
νg ≈
∑
wαg · ναg . (4.16)
The temperature dependency of the component’s kinematic viscosity is described using
the relation proposed by Sutherland [223]
ν = ν0
√(
Θ
Θ0
)3 1 + CS
Θ0
1 + CS
Θ
= AS
√
Θ3
1 + CS
Θ
. (4.17)
Sutherland’s constant AS and CS, are given in table 4.3 for the three components. Relation
Table 4.3: Sutherland constants for temperature dependency of viscosity of gaseous com-
ponents, taken from D’Ans and Lax [46]. ν0 and η0 are the viscosities at the
reference temperature Θ0
component Θ0 ρ˜
β η0 · 109 CS ν0104 AS · 1011 range
(◦C) (kg/m3) (Pa · s) (K) (m2/s)
(
m2
s ·K3/2
)
CO2 (g) 0 1.977 1366 274 0.0692 307 0-100
CH4 (g) 17 0.675 1094 198 0.1620 553 0-100
H2O(g) 99 0.579 1255 673 0.2170 841 100-350
(4.17) is plotted for the three constituents in figure 4.11.
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Table 4.4: Effective diffusion coefficients in multicomponent liquid and gas mixture
component D′βpi (m/s
2)
H2O(g) 2.50× 10−5
CO2 (g) 1.54× 10−5
CH4 (g) 1.58× 10−5
CO2 (aq) 2.00× 10−9
CH3COOH(l) 1.20× 10−9
4.4 Transport by Diffusion
Diffusion leads to an equalisation of concentration gradients caused by Brown’s molecular
movement. According to Fick’s law and using the macroscopic approach applied by Hanel
[99] the diffusive mass ID flux is given by
ID = −Dβpi φSpi grad cβ , (4.18)
with the coefficient of diffusion Dβpi . For the multicomponent gas mixture, effective dif-
fusion coefficients are derived from molecular diffusion coefficients after the approach by
Fairbanks and Wilke [77]. Thereby, a mass ratio of CO2:CH4:H2O=0.59:0.39:0.02 is as-
sumed for the gas phase. The diffusion coefficients of the liquid phase’s components are
derived using the approach by Wilke and Chang [244] for diffusion in water at a temper-
ature of Θ ∼ 20 ◦C. The coefficients are assumed to be constant and listed in table 4.4.
Furthermore, diffusion in a porous medium is less than in free water, due to tortuosity of
the pores. Several approaches exist to transfer the diffusion coefficients, for a recent re-
view see for example Shen and Chen [214]. Following [99], the approach shown in Warrick
[239], which is based on the work by Millington and Quirk [165], is applied. It considers
the influence of phase saturation and porosity on tortuosity τpi
τl =
n
7/3
l
φ2
= S
7/3
l ·φ1/3 and τg =
n
7/3
g
φ2
= S7/3g · φ1/3 , (4.19)
and the diffusion coefficients become
Dβl = τl ·D
′β
l and D
β
g = τg ·D
′β
g . (4.20)
It is thus assumed that diffusion is affected by tortuosity similarly in both the liquid
and the gas phase. In experiments, it is difficult to separate the effects of diffusion and
dispersion. So it is common practice to summarise the two mechanisms in a coefficient of
hydrodynamic dispersion. Its consideration within the model as well as detailed investi-
gations on the effects of diffusion and dispersion represent a possible future extension of
the work.
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4.5 Physical Exchange Processes
Some components are considered to exist both in gaseous and in liquid state. The proposed
model describes evaporation and condensation of water as well as dissolution of carbon
dioxide. Required relations are explained in the following subsections.
4.5.1 Saturated Vapour Pressure
Evaporation occurs from the surface of a liquid. The saturated vapour pressure represents
the pressure of a gas phase, saturated with vapour, in case of evaporation in a closed
container at equilibrium state. The Clausius-Clapeyron equation describes the temper-
ature dependence of saturated vapour pressure. Several approximations to this relation
of various complexity are developed, an overview is for example given by Alduchov and
Eskridge [2]. One simple form is suggested by Magnus [153]
psat(Θ) = cM exp(
aMΘ
bM +Θ
) , (4.21)
whereas aM ,bM and cM are parameters. Their choice is discussed in several publications.
In this contribution, the estimation of Tetens [226] is used, so that
psat(Θ) = 611× 10
7.5Θ(◦C)
237.3+Θ(◦C) = 611× 10 7.5Θ(K)−2048.625Θ(K)−35.85 (Pa) . (4.22)
The relation is plotted in figure 4.12, left. With an increase of temperature, the vapour
pressure increases exponentially.
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4.5.2 Vapour Pressure Reduction
The saturated vapour pressure as explained in section 4.5.1 refers to evaporation above
a plane of water. Due to capillarity, a liquid surface is curved within a porous medium.
As described by the Kelvin equation, the vapour pressure decreases as the mean radius
of curvature H decreases
2Hσw = (pvap − psat)− RΘ
Vl,M
ln
pvap
psat,0
, (4.23)
with the universal gas constant R = 8.314 472 J/mol ·K and the molar volume of water
vl = 1.8× 10−5m3/mol. The term pvap − psat is usually negligible, Kaviany [121]. Surface
tension σw and curvature of the surface between two fluid phases are related to pressure
difference, i.e. to capillary pressure, as described by Laplace’s equation
pg − pl = 2Hσw . (4.24)
Combination of (4.23) and (4.24) leads to following relation for the vapour pressure
pvap = exp(
−pc ·Vl,M
R ·Θ ) · psat . (4.25)
Using relation (4.25), the difference of pvap/psat to 1 is plotted in figure 4.12, right, for
different temperatures. It shows that the vapor pressure is reduced about less than 1%
within suction ranges up to 1MPa.
The model formulation does not allow complete drying, as then the corresponding mass
balance would vanish. Thus, total evaporation is avoided by a regularisation, whereas the
vapour pressure is set to zero for very low saturations.
The evaporation enthalpy ∆Hvap is considered in the balance of energy, whereas it is
formulated temperature-dependent by
∆Hvap = 2.783× 10+03 − 5.166× 10−02Θ− 3.622× 10−03Θ2 . (4.26)
4.5.3 Gas Mixture
The gas phase is considered to be an ideal gas mixture. The partial pressure of a component
is equal to the pressure as if the gas volume Vg was filled only by this component. According
to the ideal gas law, the partial pressure pβg is
pβg = n
β
g
RΘ
Vg
= mβ
RβΘ
Vg
, (4.27)
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where the specific gas constant Rβ ist defined by
Rβ =
R
Mβ
. (4.28)
In equations (4.27) and (4.28) nβ is the mol number of β, Mβ is the molar mass and mβ
the mass. The pressure of the gas mixture is equal to the sum of the partial pressures
according to Dalton’s law, (4.29). The sum of the mass fractions equals 1 (4.30) and the
partial densities sum up to the total density of the gas phase, (4.31)
pg =
∑
β
pβg = p
CH4
g + p
CO2
g + p
H2O
g , (4.29)
1 =
∑
β
wβg = w
CH4
g + w
CO2
g + w
H2O
g , and (4.30)
ρ˜g =
∑
β
ρβg = ρ
CH4
g + ρ
CO2
g + ρ
H2O
g . (4.31)
Using (4.27) to (4.31) the following expression for the partial density of methane can be
derived
ρCH4g =
(
pg − pH2Og
RΘ
+
ρ
H2O
g
MCO2
)
1
1
MCH4
+ 1
MCO2
1
w
CH4
g −1
. (4.32)
A regularisation is included to avoid division by zero, as such that the partial density of
methane is set to zero for very low mass fractions of methane below 1× 10−10. The partial
pressure of methane is determinable by ideal gas law and subsequently partial density of
CO2, partial pressure and total density can be evaluated. The mass fraction of H2O and
CO2 are given by
wH2Og = ρ
H2O
g ρ˜g and w
CO2
g = ρ
CO2
g ρ˜g . (4.33)
4.5.4 Dissolution of Carbon Dioxide
The dissolution of methane is neglected as its portion is very small. The dissolution of
carbon dioxide is described by Henry’s law. The kinetics of dissolution are not considered,
rather, it is assumed that the fraction in the gas phase and the fraction in the liquid phase
are in equilibrium. The relation of the two concentrations then equals the Henry coefficient.
Different formulations exist and thus also slightly different definitions of Henry’s coefficient
k
CO2
H . Here, the mol fraction κ
CO2
l of CO2 in liquid is determined by
κCO2l = p
CO2
g · kCO2H with κCO2l =
nCO2 (aq)
n
CO
2 (aq) + n
H2O(l)
. (4.34)
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The temperature dependency of Henry’s coefficient is described by the following relation
k
CO2
H = k
CO2
H,0 · exp
(
∆Hs
R
(
1
Θ
− 1
Θ0
))
, (4.35)
whereas k
CO2
H,0 is the Henry coefficient at a reference temperature Θ0, and ∆Hs is the
solution enthalpy under standard conditions. Relation (4.35) is plotted in figure 4.13
for k
CO2
H,0 = 0.034mol/(kg · bar) = 6.04× 10−09molCO2/(molH2O ·Pa), Θ0 = 298.15K and
∆sH0
R
=2400K according to NIST2. The complete dissolution, which would lead to a van-
ishing mass balance of gaseous carbon dioxide is prevented by means of a regularisation
at low saturations.
4.5.5 Liquid Mixture
The mass fractions w
CO2
l and w
H2O
l can be determined from the mass fraction of acetic
acid wAcl which is selected as a primary variable. The mass fraction of carbon dioxide in
the liquid phase w
CO2
l is
w
CO2
l =
(
1− wAc.l
)
κ
CO2
l M
CO2
κ
CO2
l M
CO2 + (1− κCO2l )MH2O
, (4.36)
and the mass fraction of water and intrinsic density of the liquid phase can be determined
by 4.30 and 4.29 as well as the partial densities of the components.
4.6 Effective Stress
For unsaturated conditions, the effective stress is very much related to the constitutive
model for moisture retention, motivating its discussion in the present chapter.
The mechanisms of slope failure events motivate the application of the effective stress
concept within modelling of landfills. Especially landfills without an operating leachate
collection system may exhibit local saturated areas, cf. Koerner and Soong [130]. If ex-
2NIST Chemistry WebBook, http://webbook.nist.gov/chemistry/, last access 12-2009
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cess pore pressures are created, the effective stress is reduced which increases the risk of
shear failure of the waste body. In engineering practice, at present the liquid pore pres-
sure is considered in the calculation of slope stability using classical engineering methods,
e.g. Bishop’s method of slices, see for example Ko¨lsch [133]. However, not many models
for landfills are developed so far, which consider the effective stress in an overall coupled
model for transport processes and degradation. This may represent one step forward to in-
vestigate the conditions, under which excess pore pressures might develop. A model which
takes the effective stress into account is presented by Durmusoglu et al. [55], who use a
Bishop-type effective stress with χ = Sl as well. Contrary to soil, there is no experimental
evidence for waste known to the author yet, which would justify the use of a particular
effective stress formulation. As such, Gharabaghi et al. [89] highlight the fact that some
fundamental geotechnical principles, like the applicability of the Mohr-Coulomb failure
criterion or the validity of Terzaghi’s effective stress concept with respect to MSW, are
not finally approved yet.
Not only the liquid pressure but also the gas pressure may be taken into account. Merry
et al. [163] investigate the effect of degradation induced gas pressure raise and its influence
on liquid pressure and effective stress. A model to estimate excess pore pressure due to
gas formation is presented, whereas the effect of suction on effective stress is neglected.
The concept of effective stress goes back to the work of Terzaghi who describes the phe-
nomenon of consolidation, i.e. settlements due to dissipation of excess pore pressure, in
saturated soils. Considering a small strain notation for better readability, the effective
stress σ′ after Terzaghi is defined by
σ ′ = σ + αppl1 with αp = 1.0 , (4.37)
and includes the assumption of an incompressible fluid and incompressible solid grains.
Extended approaches with αp 6= 1.0 are developed to consider grain compressibility. In
(4.37), compressive stresses σ are negative, and the fluid pressure pl is positive. The effec-
tive stress is a macroscopic quantity and is not equal to the real, local stress between the
solid particles. It enables to describe a multiconstituent porous medium with a single stress
quantity. Figure 4.14 gives an interpretation of effective stress for saturated conditions.
In a saturated medium, the pressure of the liquid phase pl acts as hydrostatic pressure on
the solid grains, see figure 4.14. Thus, the stress within the solid grains is composed of a
fraction due to liquid pressure, and an additional part due to stresses which are beared
via the solid grains only, in figure 4.14 denoted by σs. Equilibrium of forces in vertical
direction and comparison with Terzaghi’s equation shows that the effective stress can be
interpreted as the mean stress in the solid grains exceeding the liquid pressure related to
the total cross section A. σs itself is a mean stress, because on microscopic level every
grain may exhibit an individual stress state. The stress in the solid grains due to liquid
pressure is also termed neutral stress.
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Figure 4.14: Interpretation of effective stress in saturated conditions
The effective stress is often referred to as being the stress, which controls the mechanical
properties, particularly shear strength and volume change. Thus, the constitutive rela-
tions for material behaviour are usually formulated in terms of effective stress.
Extending Terzaghi’s work, several other formulations for the effective stress in soils are
developed. A comprehensive overview is recently given by Nuth and Laloui [184]. For
saturated conditions, most models differ mainly in the formulation of the pore pressure
by modifying αp in (4.37).
The extension of the effective stress to unsaturated conditions starts with the work of
Bishop [24] who describes the effective stress by
σ ′ = σ + (pg − χ(pg − pl))1 , (4.38)
and recommends its use mainly for fine grain soils at low degrees of saturation, as for other
cases the effective stress after Terzaghi remains a good approximation. Again compressive
stresses are negative and fluid pressures are positive. Equation (4.38) shows that the
effective stress is dependent on suction. If the soil is unsaturated, the suction causes
additional compressive stress of the solid phase. The increase in cohesion of the particles
with increasing suction is termed apparent cohesion.
Similarly as for the parameter αp, several approaches for the Bishop parameter χ or for
effective stress are developed. Thereby, χ is often defined in a way which includes (4.37)
and the net stress (σ + pg) as limits at full saturation and dry conditions respectively.
Table 4.5 gives an overview of some approaches. The developments within the Theory
of Mixtures permit derivations of effective stress formulations and verification of many
concepts, that were originally concluded from experimental results. Those discussions are
helpful to clarify the meaning of empirically derived parameters. Hutter et al. [113] show
that the Bishop parameter χ equals the saturation of the wetting phase if the solid grains
and the liquid are assumed to be incompressible and if the gas is compressible.
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Table 4.5: Overview of selected approaches for single effective stress for unsaturated soils,
small strain representations with stress σ
author(s) effective stress or Bishop parameter χ
Bishop [24] σ′ = σ + pg − χ(pg − pl)
Aitchison [1] σ′ = σ + (0.3 to 0.35) pc
Skempton [218] σ′ = σ − (1− Cs
C
)Sχpl for volume change
σ′ = σ − (1− a tanψ
tanφ′
)Sχpl for shear strength
Sχ = 1 + (1− χ)pg−plpl , a is related to
contact area between grains, φ′ = angle of internal friction,
ψ = angle of intrinsic shearing resistance
of the solid substance itself
Bluhm and de Boer [28] σ′ = σ − 1
nl
[
pg − (ns + nl)
((
ns+ng
ns+nl
)
pg − pl
)]
Khalili and Kabbaz [123] χ =
(
pc
pb
)
−0.55
for pc > pb and χ = 1 for pc < pb
Lewis and Schrefler [142] χ = Sl
cited in Lu and Likos [147] χ = Se
cited in Lu and Likos [147] χ =
(
nl
nls
)κ
nls = volumetric water content at saturation
de Boer [47] σ′ = σ + pg − (ns + nl)(pg − pl)− ns KSNKSR+KSN pl
where KSN and KSR are the compression moduli of the solid skeleton
and the material
Gudehus, citet in χ = Sl(2− Sl)
Von Wolffersdorff [236]
More recently, Gray and Schrefler [92] prove that Bishop’s parameter corresponds to the
fraction of the solid surface in contact with the liquid phase.
In contrast to the single effective stress, Fredlund and Morgenstern [83] suggest the use
of independent stress variables, whereas different combinations are possible. Net stress
(σ + pg) and suction (pg − pl) are widely used in that context. Following the discussion
of shortcomings and advantages of the different approaches by Nuth and Laloui [184], in
this thesis the Bishop type effective stress is used, whereas the Bishop parameter χ is
assumed to equal the saturation of the liquid phase χ = Sl. The weighted pore pressure p
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is substracted from the effective stress so that the 2nd Piola Kirchhoff Stress tensor, which
is defined in (2.26) and represents total stress can be split up by
S = F−1(T˜e − detFs(pg + Sl(pl − pg))1))F−Ts . (4.39)
Therefore, an increase in suction induces an additional compressive stress. Figure 4.15
compares the product (χ · pc) for two different formulations of the Bishop parameter χ
using the van Genuchten approximations of the data by Bente and McDougall [20]. If pg
equals atmospheric pressure, the term χ · pc coincides with the increase in effective stress
due to suction. The very high slope of the SWCC at low saturations is retained in the plot
of (χ · pc) leading to a strong increase in effective stress at dry states. For instance, a pore
pressure of 200 kPa is equivalent to overburden pressure of ∼ 20m of waste, leading to
a corresponding volume change dependent on the compaction state of the waste, cf. the
formulation of the creep model in section 5.2.3. Both due to evaporation and degradation
processes that consume water, states with high suction might occur in the present model.
This gives rise to the discussion how suction affects the effective stress for saturations near
or below the residual saturation. Fredlund [84] discusses this issue for soil and indicates
that the effect of matric suction on the mechanical behaviour may become negligible
for dry conditions. Experiments show that suction approaches a limiting value of 620 -
980MPa as the water content decreases to 0%. Thus, it may be suggested here for waste,
to decouple the effective stress from the SWCC that is used to describe multiphase flow.
In the current modelling approach, suction is limited to 20 kPa.
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Further research is necessary to develop a unified framework for effective stress in waste,
which may include advanced experimental testing as done already for unsaturated soils.
Thereby, the special properties of waste like the existance of a macropore domain and a
micropore domain may be taken into account. For instance, Bagherieh et al. [8] investi-
gate suction and effective stress by experiments on kaolin samples with a double porosity
structure. If decrease in saturation due to evaporation or chemical reactions is considered,
a closed-form relation for effective stress over the total saturation range from Sl = 0 to
Sl = 1 should be developed, a possible qualitatively pattern is shown in figure 4.15. Any
other effects of the influence of moisture content on mechanical properties, for instance
change in effective shear parameters, are discussed in chapter 5.
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5 Stress-Deformation Behaviour of MSW
The stress-deformation behaviour of the waste’s solid skeleton is described based on the
models by Ebers-Ernst [58] and Krase [135]. The applied constitutive model is explained
in section 5.2 after an introduction into the mechanical properties of MSW in section 5.1.
The last section 5.3 discusses aspects of the influence of moisture content on mechanical
strength.
5.1 Phenomenology
Stress-deformation behaviour of waste is often compared to that of soils, whereas major
differences occur due to the waste’s composition and due to its content of degradable
particles. In this section, special focus is laid on degradation induced settlements, which
motivates development of a novel creep model to cover those effects. For an in-depth
description of shear strength and stability, the reader is referred to Kockel [129], Ko¨lsch
[132], Ebers-Ernst [58] and Krase [135].
5.1.1 Classification and Unit Weight
The appropriate classification of municipal solid waste is a research issue itself and im-
portant for comparison of experimental results, see Dixon and Jones [52]. Waste can be
classified in several ways on different levels. A rough classification is usually made by
grouping waste under terms like household waste or commercial waste. Often fractions
are assessed with respect to their degradability as well. A sorting analysis may provide
a more detailed informative basis on waste composition. A particle size distribution may
give similar informations, if waste fractions and particle size are correlated. Not only the
maximum dimension of particles, but also their shape, e.g. if round or elongate, is impor-
tant for assessment of mechanical strength.
The unit weight of municipal solid waste is dependent on the contained materials, on
the compaction state and on the water content. An overview of densities and unit weight
is given by Zeccos [248] or Dixon and Jones [52]. Unit weight determined from in-situ
measurements or estimated varies between 3 kN/m3 and 17.5 kN/m3.
5.1.2 Shear Strength and Tensile Strength
Like for general frictional materials, overburden pressure increases the frictional resistance
against shearing in the waste’s porous skeleton. However, an additional effect in waste is
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Figure 5.1: Influence of fibrous particles in waste on strength. Left: Waste sample in small
scale tensile test (source: Jan Bauer, Leichtweiß- Institut fu¨r Wasserbau, TU
Braunschweig). Right: Visualisation of reinforcement effect, from Ko¨lsch [132]
found to be significant in experiments. Kockel [129] performs triaxial tests and does partly
not observe any point of failure within the maximum possible displacement of the exper-
imental device. Instead, a hardening effect is observed with ongoing deformation. The
effective friction angle tends to increase at high strains. The lack of any point of failure
is attributed to the reinforcing effect of fibrous particles in the waste. Figure 5.1 (left)
shows a photo of a waste sample in an apparatus for small scale tensile tests. The fibrous
particles, e.g. elongate pieces of plastic foils, are clearly noticeable. As shown in figure 5.1,
right, the fibres are anchored in the more rounded particles and bear tensile stresses upon
deformation. The mechanism is analysed in detail by Ko¨lsch [132] with the performance of
large scale tensile tests. Ko¨lsch [132] observes an increase of tensile stress with increase of
overburden vertical pressure and terms the effect fibrous cohesion in analogy to reinforced
earth.
If the fibrous particles are biologically degradable, shear strength may change upon decom-
position. Based on his experimental findings, Kockel [129] is among the first to suggest
that waste may be described like a composite consisting of a basic matrix and a fibre
matrix. For analysis of landfill slope stability often classical geotechnical methods like
methods of slices are applied. Thereby, parameters are often estimated very conserva-
tively, shear parameters of organic soft soils like peat are used and the influence of the
fibres is neglected.
The experimental findings on fibrous cohesion give rise to a new type of models, which
focus more explicitely on the special properties of waste extending the geotechnical meth-
ods used before. The model developed by Ko¨lsch [132] is implemented into the methods
after Krey and Bishop. Ebers-Ernst [58] develops a constitutive model for MSW in the
framework of large strain kinematics, whereas small elastic strains are assumed. The solid
material is divided into basic matrix and embedded fibres based on the experimental work
by Kockel [129]. An elastoplastic model is applied in order to describe the shear failure
mechanism of the basic matrix using the Drucker-Prager criterion. Time-dependent set-
tlements are described by an isotropic creep model. To cover the effect of orientation of
the fibres due to the type of emplacement a model for anisotropic elasticity is applied.
Tensile strength and spontaneous-plastic deformations of the fibres are described by in-
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corporating the model proposed by Ko¨lsch [132]. Ebers-Ernst’s model is later refined and
extended by Krase [135]. Thereby, anisotropic creep is considered and a single surface
yield function similar to the Mohr-Coulomb criterion is applied.
Lu¨ke [148] also adopts Kockel’s idea of splitting the material into two fractions. Thereby,
an elasto-viscoplastic model is developed for the basic matrix within linear kinematics.
Lu¨ke applies Hooke’s law for the elastic domain, which is limited by a yield surface of
Cam clay type. A micromechanically based approach is used for the fibres to model the
behaviour of the single elements by elasto-viscoplasticity. The interaction of the fibres
with the surrounding basic matrix as well as the anisotropic orientation is included in the
approach, too.
Like Lu¨ke and Ebers-Ernst, Machado et al. [151] consider waste as a mixture of fibrous
elements consisting of plastics mainly and of a paste composed of non-fibrous particles.
The behaviour of the fibres is modelled by ideal plasticity applying the von Mises yield
criterion. The elastic strains are connected with elastic strains of the paste by an acti-
vation function. Plastic deformations of the paste are described by Cam clay plasticity.
Young’s modulus is formulated stress dependent. The total stresses of the mixture of the
two components are equal to the sum of the partial stresses weighted by their volume
ratios. A hyperbolic function with two parameters is applied in order to describe time-
dependent deformations.
Contrary to the smeared approaches by Ebers-Ernst, Krase and Machado, Singh et al.
[217] discretise the reinforcing elements directly by linear elastic bar elements. It is as-
sumed that the material can be split up into 4 major constituents: (1) rigid, (2) soil-like,
(3) degradable and compressible, and (4) reinforcing and tensile elements. Elastic de-
formations of the waste are described by nonlinear, hyperbolic elasticity. Shear strength
parameters are derived from experiments and from stochastic modelling.
5.1.3 Settlements
An in-depth understanding of settlement mechanisms is important not only during op-
eration but also for landfill aftercare. Settlement predictions are necessary for decision
making on whether a surface liner system can be placed on the landfill and to ensure
a safe subsequent utilisation of a landfill site. Settlements are dependent on the type of
emplacement and initial compaction. Additionally, they may be influenced by water con-
tent and degradation. The solid mass loss due to biological decomposition may lead to
creation of additional pore space. The resulting loosening increases the compressibility
which accelerates settlements.
In general, settlements are often distinguished
a) dependent on the phenomena and mechanisms which cause the settlements, or,
b) with respect to development in time by dividing the time-settlement curve into
different phases.
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Figure 5.2: Settlement pattern of landfills or waste samples under constant loading
Murphy and Gilbert [179] and Edil et al. [59] are among the first to discuss different mech-
anisms of settlement. The categorisation by Edil et al. is adopted here and supplemented
by the phenomena 3) and 4). Hence, major phenomena are:
1) mechanical effects (distortion, bending, crushing, compression of interparticle and
intraparticle voids, reorientation),
2) ravelling (movement of fine particles into large voids),
3) consolidation (dissipation of excess pore pressures),
4) creep of waste materials,
5) physical-chemical effects (corrosion, oxidation and combustion),
6) and bio-chemical decomposition.
Usually, the number of phases is less than the number of processes, i.e. the phases do
not correspond to a unique single phenomenon. Often the following three phases are
distinguished
I) initial settlement,
II) primary settlement,
III) and secondary settlement.
Sometimes other terms are used, e.g. primary consolidation and secondary compression
or primary and secondary creep. The distinction of phases is often related to inflexion
points of the time-settlement curve. Different classifications can be found in the literature
like recently highlighted by Powrie et al. [195]. Sometimes terms are even used in different
sense. Especially the term consolidation might in some publications refer to time depen-
dent compression in general, whereas throughout this thesis, consolidation refers to time
dependent deformation due to expulsion of pore water and dissipation of pore pressure
under loading only.
Phases and mechanisms can be allocated as shown in figure 5.2. Several one-dimensional
approaches exist to describe the time-settlement behaviour of waste. Some are based on a
mathematical description of successive phases but not of the mechanisms itselfes. Time-
dependent functions are applied and their parameters are determined by fitting numerical
results to experimental measurements. Models often assume a linear relationship between
88
settlement and log time. Primary and secondary settlements can then be described by
two compression coefficients which correspond to two slopes of a bilinear time-settlement
curve in semi-logarithmic scale. For an overview of settlement models applied on MSW
landfills the reader is referred to El-Fadel and Khoury [64], Ivanova [118] or Elagroudy
et al. [69].
Elagroudy et al. [69] compare settlement predictions based on measured site data as ob-
tained by different settlement models. Site data and predicted results are shown for the
sites A and N in figure 5.3. Although the site data is approximated quite sufficiently by
all models, predicted settlements differ remarkably in the long term. Whereas some mod-
els, like the hyperbolic function or the Gibson-Lo model, predict a declining creep rate,
others assume an increasing rate on log t scale, for example the biological model and the
power-creep law. The authors conclude that models which include the assumption that
settlement strain is linear with respect to logarithm of time do not have the ability to
react on changing waste properties and should not be applied on landfills with a high
organic matter content.
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Figure 5.3: Comparison of different settlement models with respect to prediction of site
data from two landfill sites, taken from Elagroudy et al. [69]
Bjarngard and Edgers [25] evaluate settlement data from 24 landfills. Settlements are
compared in a strain vs. log time plot, selected data are plotted in figure 5.4. Settlements
up to 30% of initial height are measured. At some landfills an increase of settlement rate
is observed, which may be explained by solid mass loss during biological degradation.
Wardwell and Nelson [238] present results of oedometric tests on artificial mixtures of
kaolin clay and cellulose fibres. Duplicate samples with varying content of fibres are tested.
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After a pre-consolidation phase at 24 kN/m2 the samples are loaded over 190 days with
48 kN/m2. One sample of each pair is seeded with nutrients to enhance decomposition, the
other is left deficient in nutrients. Figure 5.5 shows the measured settlements for fibres’
contents of 40%, 55% and 70%.
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Figure 5.4: Settlements measured at different landfill sites, selected data from Bjarngard
and Edgers [25]. Detailed attribution to sites not provided
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Figure 5.5: Time-settlement curves obtained from oedometric tests on artificial
kaolin/cellulose mixtures for varying cellulose content, data from Wardwell
and Nelson [238]
Similarly to the landfill data published by Bjarngard and Edgers, a change in settlement
rate of the seeded samples is observed in such a way that the time-settlement curve
exhibits two distinct slopes on semi-logarithmic scale. This pattern is not observed in
the non-seeded samples which behave initially similar to the others. Furthermore, the
results show that the magnitude of final settlement during the test period increases with
the content of fibres. The experiments confirm the phenomenon of degradation-induced
settlements.
The enhancement of biodegradation as performed in the experiments by Wardwell and
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Nelson is also used in practical landfill operation. Landfill operators apply techniques
to increase biodegradation by adding moisture, e.g. from recirculation of leachate, or by
providing aerobic conditions from active aeration. Benson et al. [19] compare settlement
measurements at a landfill with both conventionally operated cells and cells with leachate
recirculation at elsewise similar conditions. The amount of recirculated leachate is very low
and the amount of collected leachate is even slighty lower for the bioreactor cell, probably
since the waste is below its moisture retention capacity. Nevertheless, measurements at
the gas collection system show that the gas flow rate per unit length of well screen is 69%
higher in the bioreactor cell indicating a faster decomposition. In figure 5.6, settlements
are plotted with respect to time. After approximately 2.7 years the settlement in the
conventional cell is less than 5% of the initial height. Surface displacement is up to 25%
in the bioreactor cell, whereas settlement rates vary with time. The authors conclude that
settlements may be faster in bioreactor landfills and may also reach a higher magnitude.
However, recalling the low leachate volume recirculated, it is likely that faster degradation
and settlements are triggered by other effects as well.
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Figure 5.6: Data from Benson et al. [19]. Plates 11, 12 and 26 are from a conventional
operated cell, plates 21 and 22 are from a bioreactor cell. Initial waste height
is 24.3m
The data shown in this section clearly motivates the coupling of degradation processes
and settlements, especially for long-term modelling of MSW landfills.
5.2 Constitutive Model for Stress Deformation Behaviour of Municipal Solid
Waste
As suggested by Kockel [129] and picked up by Ebers-Ernst [58] and Krase [135], the
constitutive model treats MSW like a composite in this thesis. The solid phase is supposed
to consist of a soil-like basic matrix and embedded fibres as shown in figure 5.7. The
basic matrix is made up of the solid, more granular, particles including the pores. The
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Figure 5.7: Consideration of fibres’ reinforcement in model for MSW strength, split into
soil-like basic matrix and fibres
fibres represent the elongate, reinforcing particles like pieces of plastic foils. The material
models for both fractions are formulated separately, whereas equal displacement fields are
assumed. Thus, it is sufficient to consider a single displacement field us for the solid phase
only
uB = uF = us , (5.1)
with indices B denoting the basic matrix and F denoting the fibres. Since a relative
movement of the constituents has not to be considered, the strains of basic matrix and
fibres coincide as well. The total solid stress is evaluated by the macroscopic stresses of
the components multiplied by the volume fractions respectively according to equations
(2.23) and (2.24). Using the partial traction vectors the total traction vector is defined by
tB · daB + tF · daF = t · da =⇒ tB · daB
da
+ tF · daF
da
= t . (5.2)
If the constituents are statistically distributed in the REV, the Delesscian law states that
surface fractions coincide with volume fractions, see Fillunger [79], and one obtains
t = tB ·nB + tF ·nF and Tse = nB ·TB + nF ·TF . (5.3)
The stresses of the two components are evaluated from a given strain. The procedure is
visualised in figure 5.8 in a one-dimensional representation. The approach is equivalent to
the parallel alignment of two elements describing the constitutive material behaviour of
the two components dependent on internal variables. The different elements of the mate-
rial description are explained in sections 5.2.3 and 5.2.4. An implication from assuming
equal displacement fields is that the volume fractions of fibres and basic matrix do not
change during deformation and degradation. Equal displacement fields imply equal de-
formation gradients, and thus the two components undergo the same volumetric strain.
Hence, the volume fractions may not change. If degradation processes are considered,
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Figure 5.8: Split of stress tensor for a mixture of basic matrix and fibres for one-
dimensional case
the total mass loss is attributed by equal parts to the two constituents, i.e. the volume
fractions nB and nF do not change through decomposition, too. In further extensions of
the model this assumption may be abandoned to describe decrease in shear strength with
decomposition. Prerequisite are sufficient experimental data.
5.2.1 Small Elastic Strains
Experiments show that waste undergoes in general large deformations. Those deformations
may be elastic or inelastic, which may include time-dependent deformation as well. In
description of small strain plasticity the linearised Green strain tensor ε is split up into
elastic and inelastic strains εel and εin
εs =
1
2
(
grad us + grad
Tus
)
= εs,el + εs,in . (5.4)
This additive split is not applicable when describing large inelastic strains, rather the
deformation gradient is split multiplicatively representing a series of mappings
Fs = Fs,el ·Fs,in . (5.5)
The first mapping by Fs,in leads to a stress-free, intermediate configuration with incom-
patible adjacent particles. On the intermediate configuration, a strain tensor Γ can be
defined by corresponding mappings of the Green or Almansi strain tensor. The strain Γ
is decomposable additively similar to the linearised Green strain tensor in (5.4), see for
example Haupt [101], so that
Γ = Γel + Γin . (5.6)
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Regarding waste, the elastic part of deformation is usually small compared to the inelas-
tic part. This enables further simplification of the kinematic relations. The mapping of
intermediate and current configuration then is a rotation only, so that the constitutive
relations can be expressed by stress and strain measures acting on the current configu-
ration. In this case, the Almansi strain tensor As is additively decomposable into elastic
and inelastic parts as well, cf. Krase [135]
As = As,el +As,in . (5.7)
5.2.2 Unit Weight of Solid Mixture
For evaluation of external virtual work of the self-weight in Total Lagrangian description,
cf. (2.29), the density ρref with respect to the undeformed domain is required, which is
related to the current density ρ by
ρ · detFs = ρref . (5.8)
Neglecting the unit weight of the gaseous components the current density with respect to
the reference configuration is
(ρIMs + ρ
DO
s + ρ
X
s + ρl) · detFs = ρref . (5.9)
With ongoing degradation, the density is reduced and correspondingly stresses from over-
burden pressure decrease.
5.2.3 Constitutive Model for the Basic Matrix
The basic matrix is assumed to be a cohesive, frictional material with properties similar
to those of soils. Additionally to elastic and spontaneous plastic deformations, also time-
dependent deformations are described. Firstly, time dependent settlements are caused
from a change in effective stress. They are considered by splitting the total stress of the
mixture into effective stress and pore pressure in the formulation of internal virtual work,
compare equation 4.39. Secondly, time-dependent settlements may occur due to creep of
the solid skeleton itself or due to the influence of degradation. Correspondingly, the total
inelastic strain rate Ds,in is split into a part attributed to spontaneous deformation Dpl
and a part due to creep, i.e. compaction, of the solid phase Dcr
Ds,in = Ds,pl +Ds,cr . (5.10)
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The inelastic strain rate coincides with the covariant Oldroyd rate of the Almansi strain,
which equals its material time derivative if the spatial velocity gradient vanishes
Ds,in =
M
As,in, if Ls = 0
M
As,in = A˙s,in . (5.11)
Elasticity For description of reversibel deformations of a compressible material the
Neo-Hooke model is applied, see for example Bonet and Wood [29] or Parisch [192]. The
Kirchhoff stress tensor is defined by
T˜B = λ ln (detFs,el)1+ µ (Bs,el − 1) , (5.12)
with Lame’s constants λ and µ, which are related to Young’s modulus E and Poisson’s
ratio ν by
E =
µ(2µ+ 3λ)
λ+ µ
and νP =
λ
2λ+ 2µ
. (5.13)
The assumption of incompressible solid particles remains valid, as the material law de-
scribes the behaviour of the whole solid skeleton including the pores. If not stated elsewise
the parameters given in table 5.1 are used within the simulations. They are based on a
parameter identification using genetic algorithms by Krase [135].
Spontaneous Plastic Deformation Time-independent irreversibel deformations are
supposed to occur if a deviatoric yield stress is reached. Irreversible deformation due to
hydrostatic stress states are attributed to compaction. Since the basic matrix is supposed
to be soil-like, yield criteria developed for soils may be applied. The maximum shear
stress is dependent on the hydrostatic stress state if overall compression increases internal
resistance against shearing. This leads to cone-shaped yield surfaces. Whereas Ebers-Ernst
[58] uses the compression cone of Drucker-Prager, Krase [135] implements a yield surface
presented by Ehlers [60] in a version, which is similar to the Mohr-Coulomb criterion and
which includes other well-known yield criteria as a special case. A cap may be included
as well, but is not applied here. With the invariants of the stress tensor T˜B the yield
condition is given by
f =
√√√√J2D
(
1 + γF
J3D
J
3/2
2D
)mF
+
1
2
δF I21 + αF I1 − κF ≤ 0 . (5.14)
The parameters mF and δF control the shape in the deviatoric plane. When choosing the
parameters αF , γF , δF , κf and mF the convexity of the yield surface has to be ensured.
The parameters αF , κf and γf are related to the shear parameters, namely effective angle
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of internal friction φ′ and effective cohesion c′, by
αF =
sin φ′
3
, κF = c
′ cos φ′ , and γF =
√
27
2
1−
(
3−sinφ′
3+sinφ′
)2/m
1 +
(
3−sinφ′
3+sinφ′
)2/m . (5.15)
As such, the yield surface touches the yield surface after Mohr-Coulomb in the hydrostatic
plane for simple shear. The parameter δF enables a rounding of the tip of the cone in the
tensile region. The shear parameters φ′, c′ and the angle of dilatancy ψ are not constant,
but dependent on the compaction state expressed by the inelastic volume strain
φ′ = aφ′
(
1− tanh(bφ′ av,in)
2
)cφ′
, (5.16)
c′ = ac′
(
1− tanh(bc′ av,in)
2
)cc′
, and (5.17)
ψ = aψ
(
1− tanh(bψ av,in)
2
)cψ
. (5.18)
where aj , bj and cj with j ∈ φ′, c′, ψ are parameters. The total volumetric strain is nearly
equal to the inelastic volume strain and given by
av ≈ av,in = 1− 1− av,0
detFs,in
= 1− (1− av,0)
√
1− 2I1,As,in + 4 I2,As,in − 8 I3,As,in . (5.19)
By setting an initial volumetric strain av,in,0 6= 0 an initial compaction due to a precon-
solidation pressure can be considered. Table 5.1 lists the basic parameter set used herein
and figure 5.9 shows plots of the yield surface. In a model for the mechanical behaviour,
relations (5.16), (5.17) and (5.18) are extended to density dependence by Krase et al.
[136], which allows a coupling of shear parameters to degradation in a future extension of
the model.
The application of an associated flow rule would lead to unrealistic volumetric strains dur-
ing yielding. Thus, a non-associated flow rule is applied here based on a plastic potential
qF using the angle of dilatancy ψ
qF =
√
J2 +
δq
2
I21 + αqI1 , with αq =
sinψ
3
, (5.20)
wherein J and I are again the invariants of the Kirchhoff stress tensor of the basic matrix1.
The plastic strain rate is given by
Dpl = λ˙
B
pl
∂q
∂T˜B
(5.21)
1see section on notation for definition
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with the plastic multiplier λ˙Bpl, which describes the magnitude of plastic strains.
Table 5.1: Parameters for elasticity and plasticity in the material desription of the basic
matrix
elasticity
λ = 2885kPa E = 5000 kPa
µ = 1923kPa ν = 0.3
shear parameters
aφ = 35.0 bφ = 2.0 cφ = 1.0
ac = 20.0 bc = 0.0 cc = 0.0
ψ = 0
yield surface
mF = 0.5 δF = 0.01 γF = 1.52
Figure 5.9: Yield surface after eq. (5.14) with parameters from table 5.1 at av,0 = −0.55.
Three-dimensional view on yield-surface cone and deviatoric plane
Time-Dependent Compaction The origin of the compaction model is a creep model
developed by Zhang et al. [249] for describing the compaction behaviour of crushed rock
salt. Their model is adopted by Ebers-Ernst [58] for the compaction behaviour of waste
and extended to threedimensional stress states. Krase [135] further extends the model to
cover anisotropic creep.
The creep rate DBcr is defined by the sum of the dyads of the eigenvectors of the effective
Kirchhoff stress tensor multiplied by the corresponding creep rate γcr,α in direction of α
DBcr =
3∑
α=1
γ˙Bcr,α
(
nT˜Bα ⊗ nT˜Bα
)
. (5.22)
To cover the influence of degradation on settlements in the fully coupled model, the
approach by Krase [135] is modified and extended to allow for a direct coupling with
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decomposition. The creep model is then able to describe two phenomena. Firstly, com-
paction may be caused by load induced distortion of the solid particles themselves as well
as due to compression and structural change of the pore space, of which the first one is
assumed to be significant more in the long-term. Secondly, the compaction rate is related
to density so that its change due to degradation triggers an increase in settlements. Com-
paction is thus triggered by change in density or change in effective stress.
The compaction rate is described by the product of two functions, see also Krase et al.
[136]. The creep rate in the direction α, which is the direction of the principal stresses,
depends on the Kirchhoff stresses of the basic matrix T˜e,B and on the dry density ρi
γ˙Bcr,α = f1
(
T˜e,B
)
f2
(
ρi, T˜
e,B
)
(5.23)
whereas f1 is a Norton creep law. The McAuley-brackets ensure that compaction occurs
under compressive stress only. The parameter σ0 serves for a normalisation of the stress
T˜Bαα. The parameters Acr and ncr control the stress dependency. The second term f2
ensures a decreasing creep rate with ongoing compaction and is both dependent on stress
and density
f1
(
T˜e,B
)
= −Acr


〈
−T˜e,Bαα
〉
σ0


n
cr
, (5.24)
f2
(
ρi, T˜
e,B
)
=
[
ln
(
ρ∞
ρ∞ − ρi
)]−p
· ln
(
ρmax
ρi
)p
, (5.25)
ρ∞ =
bcrρmin +
∣∣∣∑3α=1 〈−T˜e,Bαα 〉∣∣∣acr ρmax
bcr +
∣∣∣∑3α=1 〈−T˜e,Bαα 〉∣∣∣acr . (5.26)
The density ρ∞ is the maximum density under a certain stress level. It is interpolated
between the minimum density ρmin and the maximum density ρmax depending on stress.
The parameters acr and bcr can be determined by means of compression tests under
different loadings. The different densities are explained in figure 5.10. If the density ρi is
reduced due to decomposition, the term f2 exhibits higher values leading to an increasing
creep rate. The creep rate is dependent on effective stress and hence change in effective
stress due to drying and wetting influences the magnitude of the creep rate. Alternatively
to dry bulk density, the porosity could be used as an indicator of compaction state, but
the density is supposed to be easier to measure, which facilitates fitting to experimental
results. It may be discussed to formulate the compaction model in terms of total stress,
so that suction has no effect on creep. The parameters acr and bcr are estimated for the
CAR experiments performed by Ivanova [118] from the deformations at the end of the
tests, see figure 5.11. Thereby, it is assumed that the density obtained at this stage nearly
coincides with ρ∞.
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ρs,min minimum density, loosest possible state,
may be chosen equal to initial density
ρ′s,t0 initial state, density after some preloading at time t
0 −∆t
ρs,t0 density at time t
0 directly after loading with σ
ρs,t density at time t with t
0 < t < t∞
ρs,∞ density after loading with σ at t∞
ρs,max maximum density ρs,max = ρ˜s, φ = 0
Figure 5.10: Definition of dry densities
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Figure 5.11: Estimation of parameters of the creep model for determination of ρ∞ in the
CAR experiments
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5.2.4 Constitutive Model for the Fibres
The material model for the fibres includes both elastic and spontaneous plastic deforma-
tions.
Elasticity Due to the way of emplacement in landfills the fibrous particles are ori-
ented in horizontal direction. This leads to anisotropic material behaviour considered by
a transversely isotropic stress strain relation
TF =
(
RTF ⊗RTF
)T23
: C : (RF ⊗RF )T23 : AFel . (5.27)
The rotation tensor RF considers the orientation of the fibres plane and is used to trans-
form strains and stresses between local and global frame. The flexibility tensor S with
S = C−1 is taken from Altenbach et al. [3] and given in figure 5.12 with definition of
symmetry.
S =
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
1
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Figure 5.12: Transversely isotropic flexibility matrix S = C−1 for defined fibres’ orienta-
tion in (x1 − x2)-plane
Plasticity From the performance of large scale tensile tests, Ko¨lsch [132] finds that the
tensile strength of the fibrous waste is governed by two mechanisms: the bonding of the
fibres in the granular matrix and the rupture of the fibres. The bonding depends on the
loading perpendicular to the fibres plane. Both mechanisms are considered by a yield
criterion of Rankine type
ft,α = T˜α − T˜t,α ≤ 0 and fc,α = T˜α − T˜c,α ≥ 0 , (5.28)
with the yield stress in the tensile zone T˜t,α and the compressive yield stress T˜c,α. The
compressive yield stress is set to a very low value of 0.5 kPa in the applications. The
tensile yield stress is determined dependent on the compressive stress of the basic matrix
perpendicular to the fibres plane, T˜B
⊥
, and on the Almansi strain in principal direction,
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Ain,αα. The approach is shown in figure 5.14. The tensile yield stress is given by
T˜t,α = T˜t,0 + T˜mh1 − (T˜t,0 + T˜m)h2 (5.29)
whereas function h1 controls hardening and function h2 softening from rupturing of weak
fibres or ongoing bonding loss. The two functions are plotted in figure 5.13. T˜m includes
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Figure 5.13: Hardening and softening functions h1 and h2 in the plasticity model for the
fibres
the limiting of yield stress by maximum bonding or fibre tensile stress as shown in figure
5.14 and is dependent on the stress of the basic matrix as follows
T˜m,α =


T˜min for T˜
B
⊥
> 0
T˜min +
T˜max−T˜min
T˜crit
T˜B
⊥
for 0 ≥ T˜B
⊥
> Tcrit
T˜max for T˜crit > T˜
B
⊥
.
(5.30)
In case that no loading perpendicular to the fibres plane is applied and no hardening is
considered, the tensile strength equals a load independent strength T˜t,0. Under vertical
loading, the tensile strength is increased due to stronger bonding analogous to a linear
friction law dependent on the magnitude of the load. If the tensile strength of the fibres
themselves is reached, the fibres rupture and further loading beyond T˜crit cannot increase
tensile strength.
In principal stress state the Rankine criterion is a cuboid as shown in figure 5.14, right.
It is assumed that the fibres carry only very low tensile stress perpendicular to the fibres
plane.
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Figure 5.14: Model for dependence of fibres’ yield stress on overburden pressure (left) and
yield surface form of Rankine yield criterion (right)
Table 5.2 lists the parameters used in the simulations, which are based on the parameter
determination by Krase [135]. The flow rule is formulated associatively requiring the
determination of six plastic multipliers, which corresponds to the six surfaces of the yield
surface in figure 5.14 right.
Table 5.2: Parameters for elasticity and plasticity of the fibres
elasticity
E1 = 87 506 kPa E3 = 1.0 kPa ν12 = 0.333
ν23 = 0.0 G13 = 1.0 kPa
tensile strength
T0 = 50 kPa Tmin= 50 kPa Tmax= 1338.4 kPa
Tcrit= 400.0 Tc,α = 0.5 kPa
hardening and softening
ah = 2.887 bh = 178.6
cs = 1.49 ds = 7364.0 es = 2.75
5.3 Influence of Water Content on Shear Strength
Limited effort has yet been made in transferring the approaches from unsaturated soil
modelling to constitutive, mechanical modelling of waste, cf. also the discussion on effec-
tive stress in section 4.6. Much less experimental data is available for waste than for soils
in that context. Experiments, e.g. Mu¨nnich et al. [177], Bauer et al. [12] and Bauer et al.
[11] show that water content may reduce total shear strength. On the one hand, excess
pore pressures reduce effective stress, which reduces maximum shear stress due to the
cone-shaped yield surface. This effect is already included in the model by implementation
of the effective stress concept in (4.39). Furthermore, it is conceivable that additional
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effects play a significant role. Even if no excess pore pressures are present, it is likely that
water content influences material strength. For example, it might decrease the friction
between the granular particles due to increasing sliding contact. Also it might reduce the
strength of contained fibrous particles, e.g. paper. To clearly identify the mechanisms,
separate tests on the basic matrix and on the total waste mixture are necesesary. Then
it can be investigated if any shear strength reduction has to be attributed to the ba-
sic matrix or to the fibres. If the reduction is caused by weakening of fibrous cohesion,
it would be sensible to use the softening functions of the fibres’ model to consider the
influence of water content. If the governing mechanisms of shear strength reduction are
within the basic matrix, the effective shear parameters may be modified like proposed
by Krase [135], who suggests to reduce the shear parameters by factors determined by
an arctan-function dependent on water content. The functions cannot be applied, as no
experimental evidence supporting parameter choice is available.
Nuth and Laloui [184] find in investigations of critical state lines of kaolin that shear
parameters determined at saturated conditions may describe also shear strength under
unsaturated conditions. In effective stress representation, neither the angle of friction nor
the cohesion show variations, which would require a suction dependent formulation.
The influence of moisture content on shear parameters is a very interesting aspect for fu-
ture extension of the model, if accompanied by an appropriate experimental programme.
Yet, in this thesis a simple linear relationship for angle of internal friction dependent
on saturation is implemented. Investigation of slope failure coupled with transport and
degradation would, however, require the additional implementation of other numerical al-
gorithms, for example the arc-length-method as used by Krase [135] for stability analysis
of the dry solid skeleton. Such analyses are not within the scope of this thesis.
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6 Solution of the Coupled Initial Boundary Value Problem
Based on the constitutive model, the balance equations, which are introduced in chapter 2
in their general form, are formulated in detail in equations (6.1) to (6.9). Figure 6.1 gives
an overview of the components that have to be balanced, and how they are related by
reactions and physical exchange processes. R1, R2 and L refer to the reactions of anaerobic
degradation as shown in section 3.3.1. Evaporation/Condensation and dissolution are
denoted by P1 and P2, respectively. The consideration of all components in figure 6.1
requires the solution of six mass balance equations. Additionally, the balance of energy is
formulated in order to describe instationary temperature fields.
Biomass(X)
Inert solid matter (IM)
Degradable organic
matter (DO)
H O2 (l) CH COOH (Ac)3 (l)CO2(aq)
CH4(g)H O2 (g) CO2(g)
Liquid
Solid
Gas
L
R1
R2
P2P1
d
v
(
R
E
V
)
d
v
d
v
d
v
d
v
p
s
g
l
Figure 6.1: Overview of components, reactions and exchange processes.
Interactions of deformable porous media and fluids are counted among the multifield prob-
lems. In the proposed model, the macroscopic description within the Theory of Porous
Media leads, together with the constitutive relations, to a set of nonlinear coupled dif-
ferential equations. Several physical fields are coupled via conjoint state variables in a
volume coupled formulation over the domain of a REV. A volume coupled problem may
be distinguished from surface coupled problems in which the interactions are described
at distinct interfaces. Examples in civil engineering are the analysis of aeroelasticity of
bridges, Hu¨bner [111], or discharge of silos, Leppert [141].
Different strategies exist to solve coupled problems. Weak and strong coupling or par-
titioned and simultaneous solution procedures are often distinghuised. The different ap-
proaches are for example discussed by Hu¨bner [111] in an application on interface coupling.
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The partitioned approach represents a staggered solution procedure, whereas in the si-
multaneous procedure the discretised equations are solved monolithically. Compared with
partitioned solution procedures, a simultaneous solution may lead to better convergence
properties in case of strong interactions between the fields, which motivates the applica-
tion of this approach in this thesis.
6.1 Assembly of Final Balance Equations in Integral Form
The Principle of Virtual Work for the mixture is explained in equation (2.29) and rewritten
here using equations (4.39) and (5.9)∫
V0
δE : (F−1s (T˜e − detFs · (pg + Sl · (pl − pg)− patm) ·1))F−Ts ) dV︸ ︷︷ ︸
virtual internal work
(6.1)
=
∫
Γ0
δu t0 dS︸ ︷︷ ︸
work of surface pressures
+
∫
V0
δu (ρDO + ρIM + ρX + ρl) g dV︸ ︷︷ ︸
work of volume loads (self−weight)
,
with the virtual Green strain
δE =
1
2
(
FTGrad δu+Grad T δuF
)
. (6.2)
The solution of the Principle of Virtual Work requires the setting of boundary conditions,
whereas their specification is optional in the balance equations (6.3) to (6.9).
Boundary conditions of Dirichlet type, Neumann type and Cauchy type may be consid-
ered in the simulation of structures. Different physical meanings are inherent, dependent
on which governing equation is referred to.
Boundary conditions due to pressure forces, representing a Neumann type, are included
in a weak form in a finite element formulation based on the Principle of Virtual Work
and do not require special treatment. Dirichlet boundary conditions may prescribe dis-
placements in a displacement-based formulation in order to describe fixed boundaries or
displacement-controlled loading. Conditions of Cauchy type represent alignment of springs
to describe flexible support at a boundary.
The detailed mass balance equations and the equation for conservation of energy are based
on the general integral form derived in section 2.3.3, see (2.41). In the latter equation it is
assumed that the whole control volume is occupied by a fluid phase. In a porous medium,
only a part of the control volume is filled by the fluid phases depending on porosity and
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saturation. If a macroscopic, relative velocity related to the total surface area is used in
the flux terms, the integration may be performed on the total domain. So, in the final
formulation, the fluid velocities in the integral forms are replaced by the Darcy velocities
vl,D and vg,D. For definition of the Darcy velocity compare equations (4.7) and (4.8).
Diffusive fluxes are implemented as well, but the investigation of their effects in separate
analyses is not within the scope of this thesis.
Water The mass balance for H2O includes storage terms and convective terms for both
liquid and gas phase. Additionally, diffusive flux of vapour in the gas phase is considered.
The partial density of water is expressed in terms of real density ρ˜
H2O
l , saturation Sl and
porosity φ. The factors αH2OR1 and α
H2O
R1 represent the stoichiometric coefficient of H2O
in reactions R1 and R2. Coefficients of educts have got a negative sign. The quantities
rDOR1 and r
Ac
R2 are the degradation rates of the main substrates in the reaction steps. In R1
degradable organic (DO) is the main substrate, whereas it is acetic acid (Ac) in R2. Fluxes
resulting from boundary conditions are denoted by qH2O and the overall mass balance is
given by
storage of water in liquid phase
d
dt
∫
V
Slφρ˜
H2O
l dV
storage of water in gas phase +
d
dt
∫
V
Sgφρ˜
H2O
g dV
convective transport of water in liquid phase +
∫
S
Slφρ˜
H2O
l vl,Dn dS
convective transport of vapour in gas phase +
∫
S
Sgφρ˜
H2O
g vg,Dn dS
diffusive transport in gas phase +
∫
S
Sgφρ˜
H2O
g v
H2O
g n dS
sources and sinks from reactions =
d
dt
∫
V
αH2OR1 r
DO
R1 + α
H2O
R2 r
Ac
R2 dV
other sources and sinks +
d
dt
∫
V
qH2O dV . (6.3)
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Mass Fraction of Carbon Dioxide in Gas Phase The structure of the balance
equation for CO2 is similar to that for water, whereas diffusion is considered both in the
liquid and the gas phase. Sources in CO2 are due to the production of carbon dioxide in
reactions R1 and R2. With analogous notation the mass balance yields
storage term CO2 in liquid phase
d
dt
∫
V
Slφρ˜
CO2
l dV
storge term CO2 in gas phase +
d
dt
∫
V
Sgφρ˜
CO2
g dV
convective transport CO2 in liquid phase +
∫
S
Slφρ˜
CO2
l vl,Dn dS
convective transport CO2 in gas phase +
∫
S
Sgφρ˜
CO2
g vg,Dn dS
diffusive transport in gas phase +
∫
S
Sgφρ˜
CO2
g v
CO2
g n dS
diffusive transport in liquid phase +
∫
S
Slφρ˜
CO2
l v
CO2
l n dS
sources/sinks from reactions =
d
dt
∫
V
αCO2R1 r
DO
R1 + α
CO2
R2 r
Ac
R2 dV
other sources and sinks +
d
dt
∫
V
qCO2 dV . (6.4)
Sources in CO2 arise from the production of carbon dioxide in reactions R1 and R2.
Mass Fraction of Methane in Gas Phase Methane is considered to be a component
of the gas phase only and connected to reaction R2, so that its mass balance is
storage term CH4 in gas phase
d
dt
∫
V
Sgφρ˜
CH4
g dV
convective transport of CH4 in gas phase +
∫
S
Sgφρ˜
CH4
g vg,Dn dS
diffusive transport in gas phase +
∫
S
Sgφρ˜
CH4
g v
CH4
g n dS
sources and sinks from reactions =
d
dt
∫
V
αCH4R2 r
Ac
R2 dV
other sources and sinks +
d
dt
∫
V
qCH4 dV . (6.5)
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Acetic Acid Acetic acid is considered to exist only in the liquid state and connected
both to reactions R1 and R2, so that the mass conservation is described by
storage term CH3COOH in liquid phase
d
dt
∫
V
Slφρ˜
Ac
l dV
convective transport CH3COOH in liquid phase +
∫
S
Slφρ
Ac
l vl,Dn dS
diffusive transport in liquid phase +
∫
S
Slφρ
Ac
l v
Ac
l n dS
sources and sinks from reactions =
d
dt
∫
V
αAcR1r
DO
R1 + α
Ac
R2r
Ac
R2 dV
other sources and sinks +
d
dt
qAc dV . (6.6)
Organic Matter Since organic matter is part of the solid phase only, no convective or
diffusive flux terms occur in the mass balance. The rate of change in density of organic
matter equals the amount degraded in steps R1 and the amount created from the decay
of biomass in step L. Any sources and sinks from boundary conditions do not exist in the
proposed approach as the solid phase is not considered in dissolved form. Hence, the mass
balance yields
storage term
d
dt
∫
V
ρDO dV
sources and sinks from reactions =
d
dt
∫
V
αDOR1 r
DO
R1 + α
X
L r
X
L dV . (6.7)
Biomass Similarly to balance of mass of organic matter, the conservation of biomass
is formulated. Sources from steps R1 and R2 are considered as well as a sinks due to the
lysis step L
storage term
d
dt
∫
V
ρX dV
sources from reactions =
d
dt
∫
V
αXR1r
DO
R1 + α
X
R2r
Ac
R2 + α
X
L r
X
L dV . (6.8)
Energy The balance of energy considers all phases with all components. The stored
energy is dependent on temperature, density and heat capacity of the constituents. Con-
vective and diffusive transport of the constituents are considered. Additionally, a term
from thermal conduction is included. Sources and sinks in heat arise from the reactions
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R1, R2 and P1 or from heat fluxes due to boundary conditions
storage in solid phase
d
dt
∫
V
[ (
wIMs c
IM
p,s + w
DO
s c
DO
p,s + w
X
s c
X
p,s
)
ρsΘ
storage in liquid phase +
(
w
H2O
l c
H2O
p,l + w
CO2
l c
CO2
p,l + w
Ac
l c
Ac
p,l
)
ρ˜lφSlΘ
storage in gas phase +
(
wCO2g c
CO2
p,g + w
CH4
g c
CH4
p,g + w
H2O
g c
H2O
p,g
)
ρ˜gφSgΘ
]
dV
conv. transport liquid +
∫
S
(
w
H2O
l c
H2O
p,l + w
CO2
l c
CO2
p,l + w
Ac
l c
Ac
p,l
)
ρ˜lφSlΘv
l
sn dS
conv. transport gas +
∫
S
(
wCO2g c
CO2
p,g + w
CH4
g c
CH4
p,g + w
H2O
g c
H2O
p,g
)
ρ˜gφSgΘv
g
sn dS
diff. transport liquid +
∫
S
(
w
CO2
l c
CO2
p,l v
CO2
l + w
Ac
l c
Ac
p,lv
Ac
l
)
ρ˜lφSlΘn dS
diff. transport gas +
∫
S
(
wCO2g c
CO2
p,g v
CO2
g + w
CH4
g c
CH4
p,g v
CH4
g
+ wH2Og c
H2O
p,g v
H2O
l
)
ρ˜gφSgΘn dS
heat conduction − d
dt
∫
V
λsgrad Θ dV
source from reactions =
d
dt
∫
V
∆HR0,R1r
DO
R1 +∆H
R
0,R2r
Ac
R2 dV
sink from evaporation +
d
dt
∫
V
∆HP1vap dV . (6.9)
To enable the solution of the balance equations for mass and energy, boundary conditions
are not mandatory, solely the setting of initial conditions is necessary. Boundary condi-
tions of Dirichlet type may be used to set a particular value of a state variable. In the
applications in chapter 7, Dirichlet conditions for pressure, saturation and temperature
are used. Neumann conditions enforce a prescribed boundary flux which may in reality
not occur dependent on the permeability of the material. Thus, they are not used herein.
Analogously to the spring in solid mechanis, a Cauchy boundary condition for the equa-
tions of mass conservation of the fluid phases takes the internal solution of the analysed
structure into account. Hence, both convective fluxes and heat fluxes across boundaries
are described by means of Cauchy boundary conditions in most applications within this
thesis. The formulation of convective flux of the liquid and the gas phase on boundaries
Γl and Γg is formulated based on Darcy’s law
qΓll = −
ρ˜lkl,rel
ηl
K(grad pΓl + ρ˜lg) ·n and qΓgg = −
ρ˜gkg,rel
ηg
K(grad pΓg + ρ˜gg) ·n . (6.10)
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with the outward facing normal of the boundary n. The pressure gradients across the
boundary, grad pΓl and grad p
Γ
g , are defined by
grad plΓ =
pl,o − pl,i
l
and grad pgΓ =
pg,o − pg,i
l
(6.11)
for a unit length l = 1.0m. The outer pressure ppi,o is set a priori, whereas for the inner
pressure ppi,i the results of the simulation are used. The boundary flux may thus develop
depending on the current state of the structure. The Cauchy boundary can be considered
as a virtual boundary layer with prescribed properties. With respect to development of
pressure inside the structure the term ρ˜pi · g has to be considered. It is assumed that the
capillary pressure is zero in the virtual boundary layer. Influx is distinguished from eﬄux
so that an upwinding of density and mobilility is possible. The implementation of Cauchy
boundaries can be interpreted as an extension of the analysed domain by ghost cells that
describe the external state. Without any prescribed boundary conditions, the problem
is simplified from an initial boundary value problem to an initial value problem. Then
equations (6.3) to (6.9) describe the evolution of the state variables in time starting from
a given initial state.
6.2 Iterative Solution and Linearisation
In this thesis, a combination of the Finite-Element method and the Box method is used
for discretisation in space. The Backward Euler method is applied for discretisation in
time, see also section 2.4. The resulting nonlinear, discrete equation system is solved by
means of the Newton-Raphson method. The Newton-Raphson method is a numerical root
finding algorithm, which is derived from a Taylor series expansion by keeping terms of
first order only. Therefore, the balance equations are rewritten to obtain the structure
of a root finding problem. A solution z is required to satisfy the equation r(z) = 0. The
residual vector r(z) contains the balance equations evaluated at z. The application of the
Newton-Raphson procedure requires the linearisation of the residuum r with respect to
the state variables zT = [u p c]
r(z)|n+1 + ∂r
∂u
∣∣∣
n+1
du+
∂r
∂p
∣∣∣
n+1
dp+
∂r
∂c
∣∣∣
n+1
dc = 0 . (6.12)
This yields the tangent matrix or Jacobian KT. The submatrices of the equation system
obtained by (6.12) are visualised by figure 6.2. The balance equations (6.6) to (6.9) are
attributed to the degradation model. The vector u in (6.12) refers to the displacements of
the solid skeleton for the case of plain strain, du and dw. The vector p represents the state
variables of multiphase flow, and c summarises the state variables of chemical processes
and degradation. Liquid pressure and gas saturation are chosen as state variables of multi-
phasic flow, which is known as pressure-saturation formulation. The different formulations
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eq. (6.1)
eq. (6.3)
eq. (6.4)
eq. (6.5)
eq. (6.6)
eq. (6.9)
eq. (6.7)
eq. (6.8)
KT
Kuu Kup Kuc
Kpu Kpp Kpc
Kcu Kcp Kcc
du
dw
dpl
dSg
dw
CH4
g
dw
CH3COOH
l
dΘ
dρDO
dρX
ru
rw
rH2O
rCO2
rCH4
rCH3COOH
rΘ
rρDO
rρX
· =
Figure 6.2: Schematic representation of the coupled system of equations on node level
with the used primary unknowns. The balance equations, representing the
residuals, are related to the rows of the system
are discussed by Helmig [103] and others. For the balance equations of degradation and
heat generation, the mass fraction of methane in the gas phase, w
CH4
g , the mass fraction
of acetic acid in the liquid phase wAcl , the temperature Θ, the partial density of organic
matter ρDOs and the partial density of biomass ρ
X
s are chosen as state variables.
The matrices Kuu, Kup and Kuc describe the derivation of the virtual work with respect
to the nodal displacements u and the state variables p and c respectively. The internal
virtual work is nonlinear with respect to both the kinematics and the material. With the
chain rule, the linearisation of the internal virtual work with respect to u yields
∂δWint
∂u
=
∫
V0
∂δE
∂u
: S dV︸ ︷︷ ︸
Kgeom
+
∫
V0
δE :
∂S
∂u
dV︸ ︷︷ ︸
Kmat,u
, (6.13)
and the linearisation with respect to p and c leads to
∂δWint
∂p
=
∫
V0
δE :
∂S
∂p
dV︸ ︷︷ ︸
Kmat,p
and
∂δWint
∂c
=
∫
V0
δE :
∂S
∂c
dV︸ ︷︷ ︸
Kmat,c
. (6.14)
The first term Kgeom in (6.13) emerges from the kinematical nonlinearity. The virtual
strain δE depends not only on the virtual displacement field δu but also on the current
deformation. This term is zero for linearisation with respect to p and c and vanishes for
geometrically linear problems. The terms Kmat,u, Kmat,p and Kmat,c include the change
of the stress state due to a change in u, p and c, under the presence of constant virtual
displacements.
The matrix Kup contains the derivation of virtual work with respect to the state variables
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of multiphase transport and includes the influence of Kmat,p. Derivations with respect
both to pressure and saturation occur due to the effective stress formulation. Further-
more, the external work of dead loads is coupled to saturation state and liquid density.
The matrix Kuc describes dependencies of the virtual work on the state variables of the
degradation model. Here the influence of organic and biomass density on creep rate is
included. Additonally, external virtual work is affected by change in solid densities.
In (6.13) and (6.14) the linearisation of the second Piola-Kirchhoff stress S = F−1T˜F−T
with respect to z is required which yields
∂S
∂u
du =
∂S
∂Fs
:
∂F˜s
∂u
· du , ∂S
∂p
dp and
∂S
∂c
dc . (6.15)
With equations (2.26) and (2.27) this finally leads to the requirement of consistent material
operators T˜se,F, T˜
s
e,p and T˜
s
e,c defined by
T˜se,F=
∂T˜se
∂Fs
, T˜se,p=
∂T˜e
∂p
, and T˜se,c=
∂T˜e
∂c
, (6.16)
i.e. the linearisation of the effective Kirchhoff stress tensor w.r.t. to the state variables.
Considering that the stress is split into the stresses of basic matrix and fibres, the total
differential of the Kirchhoff stress with respect to Fs is
∂T˜se
∂Fs
· dFs = nB ∂T˜
B
∂Fs
· dFs + nF ∂T˜
F
∂Fs
· dFs . (6.17)
Analogously, the differentials with respect to p and c may be formulated.
The Kirchhoff stresses T˜B and T˜F are determined in a local iterative solution of the
constitutive evolution equations. The local iteration of stresses is explained in detail by
Krase [135] and Ebers-Ernst [58]. The constitutive equations for the material behaviour
are discretised in time by means of the implicit Euler method. The radial return method
is used to determine elastic and inelastic strain increments as well as stresses. The method
maps an elastic predictor stress back to the yield surface in a corrector step so that the
yield criterion is satisfied at the end of the timestep.
The equation system for the basic matrix is formed by the constitutive equations for
elastic stress, strain balance, yield criterion and the definition of volumetric strain


∂rB
T˜
∂T˜B,n+1
∂rB
T˜
∂AB,n+1in
0 0
∂rBA
∂T˜B,n+1
∂rBA
∂AB,n+1in
∂rBA
∂∆γB,n+1pl
∂rBA
∂aB,n+1v,in
0
∂r
aB
v,in
∂AB,n+1in
0
∂r
aB
v,in
∂aB,n+1v,in
∂rBf
∂T˜B,n+1
0 0
∂rBf
∂aB,n+1v,in


︸ ︷︷ ︸
MB


dT˜B,n+1
dAB,n+1in
d∆γB,n+1pl
daB,n+1v,in

 =


−rB
T˜
−rBA
−raBv,in
−rBf

 . (6.18)
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The nonlinear equation system is solved for increments in Kirchhoff stress, Almansi strain,
plastic multiplier and volumetric strain using the Newton-Raphson method. Similarly, the
equation system for the fibres is given by the constitutive equations for elastic stress, strain
balance and yield criterion. It yields

∂rF
T˜
∂T˜F,n+1
∂rF
T˜
∂AF,n+1in
0
∂rFA
∂T˜F,n+1
∂rFA
∂AF,n+1in
∂rFA
∂∆γF,n+1pl
∂rFf
∂T˜F,n+1
∂rFf
∂AF,n+1in
0


︸ ︷︷ ︸
MF


dT˜F,n+1
dAF,n+1in
d∆γF,n+1pl

 =


−rF
T˜
−rFA
−rFf

 (6.19)
and is solved for increments in Kirchhoff stress, Almansi strain and plastic multiplier.
The left hand sides MB and MF are used to determine the consistent material operator
∂T˜
∂F
by
MB


∂T˜B,n+1
∂Fn+1S
∂AB,n+1in
∂Fn+1S
∂∆γB,n+1pl
∂Fn+1S
∂aB,n+1v,in
∂Fn+1S


=


0
−rBA
0
0

−


∂rB
T˜
∂Fn+1S
∂rBA
∂Fn+1S
∂r
aB
v,in
∂Fn+1S
∂rBf
∂Fn+1S


(6.20)
and for the fibres
MF


∂T˜F,n+1
∂Fn+1S
∂AF,n+1in
∂Fn+1S
∂∆γF,n+1pl
∂Fn+1S

 =


−∂rF
T˜
∂Fn+1S
−∂rFA
∂Fn+1S
−∂rFf
∂Fn+1S

 (6.21)
The operators ∂T˜
∂p
and ∂T˜
∂c
are derived analogously by replacing the partial derivatives with
respect to Fs in (6.20) and (6.21) by the derivatives with respect to p and c. It has to
be noted that changes in the constitutive model of the basic matrix influence the stresses
of the fibres, too, as the stress within the basic matrix determines the strength of fibres’
bonding.
The matrix Kpp describes the twophasic flow. It considers the influence of gas saturation
Sg and liquid pressure pl on the balance of H2O and CO2. The matrixKcc describes the lo-
cal reaction processes and physical exchange processes. The matricesKpu andKcu contain
the derivation of the balance equations (6.3) to (6.9) with respect to the displacements.
Dependency on the deformation arises from the change in size of the control volume.
Furthermore, effects from changing porosity and permeability are considered herein. The
submatrices Kpp, Kpc, Kcp and Kcc form the subsystem for description of reactive trans-
port and consider the influence of the corresponding seven state variables on the balance
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equations (6.3) to (6.9). For instance, temperature affects degradation rates and the vis-
cosity of the fluid phases. A change in organic matter is related to the mass fractions of
liquid and gaseous components due to the degradation products. The matrices Kuu and
Kup are detemined analytically, whereas all other submatrices are obtained by numerical
differentiation using a central difference scheme. The tangent matrixKT is not symmetric,
only the submatrix Kuu is symmetric.
6.3 Structure of the Algorithm
The structure of the algorithm is shown in figure 6.3. An important step is the computa-
tion of node values at the corner nodes of boxes which is explained by figure 6.4. After
solution of the current interval and computation of depending node values, a check for
non-physical solutions is implemented. Non-physical solutions are for example negative
densities or volume fractions. They may occur if time step width is too large with respect
to degradation rates. Similarly, negative fluid saturations or mass fractions of fluid com-
ponents may occur if they are closed to their limits in combination with boundary fluxes.
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Loopover all time increments, step t= t+ t
t+ t tD
D
Global Newton-Raphson iteration of balance equations, step j=j+1
·
·
Stiffness submatrices and (analytically)
Stiffness submatrices , , , ,
K K
K K ,
uu up
pu cpK K K K Kuc cu cc, (numerically)pp pc
· Assemblage of load vector (right hand side)
-
- d
-
-
-
residuum r
perturbation of degree of freedoms by and -
new node values (see fig. 6.4)
new residuum at
central difference
+
+ and -
d
d d
DOF
DOF DOF
DOF
Loop over all degrees of freedom
Loop over all elements
·
·
·
·
·
·
·
·
Assemblage of global stiffness matrix
Implementation of boundary conditions
Solution
Update displacements, u and v
Update p , S , w , w , , ,
Check for non-physical values
Determine new nodal internal variables for constitutive model
of transport and degradation (see fig. 6.4)
Update geometry, Update porosity and permeability (see
equations (4.2) and (4.10)
l g l g
CH3COOH CH4 DO X
Q  r r
·
·
Check global convergence
Update solution for next time increment, or reset for new
iteration with decreased time step width
-
-
-
-
elastic predictor basic matrix
corrector step basic matrix (Newton-Raphson iteration)
elastic predictor step fibres
corrector step fibres (Newton-Raphson iteration)
· Local Iteration of stresses of solid skeleton
Figure 6.3: Structure of the computational algorithm
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Saturation of liquid phase Sl, (2.4)Sg
Effective saturation Seff , (4.4)
Capillary pressure pc, section 4.2.2
Gas pressure pg, (4.3)pl
Saturated vapour pressure psat, section 4.5.1Θ
Vapour pressure pvap, section 4.5.2
Partial density vapour ρl, (4.28)
Partial density and pressure CH4 and CO2, 4.5.3m
CH4
g
Real density of gas phase ρ˜g, (4.31)
Mass fractions w
CO2
g and w
H2O
g , (4.33)
Henry constant, (4.35)
Molar fraction CO
2 (aq)
, (4.34)
Mass fraction w
CO2
l , (4.36)w
CH3COOH
l
Mass fraction w
H2O
l , analogous to (4.30)
Intrinsic density liquid phase, analogous to (4.31)
Partial densities liquid components, ρβl = ρ˜lw
β
l
Relative permeability, section 4.3.3
Viscosity of liquid and gas phase, section 4.3.4
Mobilities, section 4.3.1
Reaction rates, (3.5) - (3.7)
ρDO
ρX
Effective heat conductivity, section 3.5.3
together with the results of section 3.5.4
Figure 6.4: Flowchart of the determination of node values at corner nodes of boxes by the
constitutive model. The primary variables are shown on the left when they
enter the computational procedure the first time.
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7 Analysis of Coupled Processes
The developed model is verified and validated against laboratory experiments. For assess-
ment of coupled transport and deformation including transition from saturated to unsat-
urated conditions, a benchmark based on a drainage experiment of a sand column is used.
Subsequently, a modelling challenge, which is organised for the 2nd Workshop on Hydro-
Physico-Mechanics of Landfills, enables validation of coupled transport, degradation and
large deformations. Further examples show the scope of the model in its application on
landfill structures considering also long term analyses. Finally, conclusions with respect
to landfill monitoring are drawn.
7.1 Validation of Coupled Transport and Deformation with the ALERT
Liakopoulos Benchmark
The interaction of multiphase flow and deformation is verified and validated using a bench-
mark organised by the European Network “ALERT Geomaterials” [120]. Major objective
of the benchmark is to analyse the transition from saturated to unsaturated conditions
within one mesh. The test is based on a laboratory experiment by Liakopoulos [143], who
investigates the drainage of an initially saturated sand column by gravity. Liakopoulos
analyses columns of different height and measures discharge rate and, by means of ten-
siometers, water pressure at certain time steps, fig. 7.1, left.
In the experiment, the column is first continuously saturated with water. Then, water
inflow at the top is stopped and water can drain freely at the bottom. The benchmark
refers to a column 1m in height. Slightly different initial conditions are imposed compared
to the laboratory test: First, hydrostatic water pressure is assumed; then, the water pres-
sure at the bottom is set to atmospheric pressure simulating conditions for free drainage.
Parameters and constitutive relations are given in [120] and listed in fig. 7.1. Liakopoulos
does not determine the mechanical properties, therefore, for the benchmark case linear
elasticity is assumed. A crucial point in the analysis is the transition from local saturated
to unsaturated conditions. For a vanishing gas phase, Sl = 1.0, the corresponding mass
balance equation degenerates to the equality 0 = 0. Different approaches for describing
the change in saturation state are discussed by Jommi and Vaunat [120] as well as Lewis
and Schrefler [142]. With regard to the proposed model, the saturation of the gas phase
is set to a value of Sg = 1× 10−6 . Only inert matter is considered, so that degradation
processes do not occur. Phase transition processes or heat generation are not considered
as well.
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Poisson’s ratio νP = 0.4
Viscosity of water µw = 1.0 × 10−3 Pa · s
Viscosity of air µa = 1.8 × 10−5 Pa · s
Figure 7.1: Liakopoulos test and benchmark conditions
In the simulation, first the loading by self weight is applied stepwise. During loading
and subsequent consolidation, the boundary at the bottom is impermeable. At the up-
per boundary, water pressure is set to atmospheric pressure and gas saturation is set
to Sg = 1× 10−6 allowing the outflux of water and maintaining saturated conditions.
After completion of this pre-stage, the water pressure distribution is hydrostatic as in
the benchmark case, compare figure 7.2, and the actual analysis starts. At time t = 0,
water pressure at the bottom is set to atmospheric pressure and gas saturation is set to
Sg = 1× 10−6 allowing the drainage of water. Simultaneously, gas pressure is assumed to
be atmospheric at the upper boundary and inflow of gas is enabled by a Cauchy boundary
condition with pg,o = patm.
Figure 7.2, 7.3 and 7.4 show isochrones of water pressure, capillary pressure and saturation
respectively. Water pressure decreases with time and approaches steady-state conditions.
The plot of saturation vs. height reveals that a front separating unsaturated from satu-
rated condition proceeds downwards. Correspondingly, the capillary pressure develops. It
is nearly zero in the saturated zone and is greater than zero in the unsaturated zone.
Since the problem is solved by numerous other researchers, see table 7.1, and as conditions
are very well documented, the benchmark offers an excellent possibility for testing the
proposed model. Own simulation results are compared with the results of the experiment
and with the benchmark results reported by Jommi and Vaunat [120].
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Figure 7.2: Water pressure isochrones (legend equiv. to figures 7.3 and 7.4)
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Figure 7.3: Isochrones of capillary pressure
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Water pressure isochrones after 30min are compared in fig. 7.5. Pressure distribution
is close to the results reported by Jommi and Vaunat [120] describing satisfactorily the
experimental data.
In figure 7.7, left, gas pressure isochrones at t=30min are compared showing that own
simulation results agree well with the results obtained by the benchmark participants.
A remarkable point of the curve pattern is the discontinuity in gas pressure where the
local transition from saturated to unsaturated conditions occurs in the sample. This is
obvious from the evolution of saturation as well, compare figure 7.6. The discontinuity is
also present in the results by LCPC and UPC. Dangla et al. [45] confirm its occurence
both numerically by analysis with a very fine mesh and analytically.
Table 7.1: Benchmark participants, explanation of abbreviations used in the graphs
EPFL Ecole Polytechnique Fe´de´rale de Lausanne
LCPC Laboratoire Central des Ponts et Chausse´es
LIEGE Universite´ de Lie`ge
UPC Universitat Polyte`cnica de Catalunya
UPD Universita` degli Studi di Padova
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Figure 7.5: Comparison of own results with results from [120] and [143] - water pressure
(patm = 0) at t=30min
Figure 7.7 compares the evolution of displacement of the upper surface and shows only
minor differences. The displacement rate is high in the beginning and then decreases.
After 120 minutes, all numerical results nearly coincide. The displacement is affected by
the effective stress formulation. At unsaturated conditions, the suction imposes additional
compressive stress which is in this case relatively low due to the high saturations. The
different curve pattern of the UPC results is due to an increase in net stress with time,
combined with the applied linear elasticity law which is, of course, not realistic for soils.
Deformation is small in this example, so that it may serve for validation within small
strain kinematics.
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From simulating the benchmark it is concluded that the developed model is able to cor-
rectly describe saturated and unsaturated conditions as well as local transition between
the two states. The formulation of the effective stress using Bishop’s approach is verified
and validated for suctions up to 10 kPa and saturations of about Sl = 0.9.
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Figure 7.6: Comparison of own results with results from [120] - saturation at t=30min
0
0.2
0.4
0.6
0.8
1.0
0−1−2−3−4−5−6
uT
uT
uT
uTuT
uTuT
uTuT
uTuT
uTuT
uTu T
uTuT
uT
u T
uT
uT
u T
uT
uT
uT
uT
uT
**
**
**
**
**
**
**
**
**
**
**
**
**
**
**
**
**
* *
* *
* *
*
ll
ll
ll
ll
ll
ll
ll
ll
ll
ll
ll
ll
ll
ll
ll
ll
l l
l l
l l
l l
l
rsrs
rsrs
rsrs
r srs
rsrs
rsrs
rsrs
rsrs
rsrs
rsrs
rsrs
rsrs
rsrs
rsr s
rsrs
rsr s
rsr s
rsrs
rs rs
rs rs
rs rs
ld ld
ldl d
ldld
ldld
ldld
ldldld
ldld
ldld
ldl d
ld
ldld
ldld
ldld
ldld
ldl d
ldld
ld ld
l d ld
ld ld
ld ld
H
ei
gh
t
(m
)
pg − patm (kPa) at t=30min
0
−1
−2
−3
−4
0 30 60 90 120
uT
uT
uT uT uT uT
*
*
* * * *
l
l
l l l l
rs
rs rs rs r s rs
ld ld
ld
ld ld ld ld
Time (min)
D
is
p
la
ce
m
en
t
(m
m
)
Figure 7.7: Comparison of own results with results from [120] - gas pressure (left) at
t=30min and top displacement (right)
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7.2 Validation Based on Experiments with two Consolidating Anaerobic
Reactors (CAR)
In this applicaton, two lysimeter experiments on waste samples are simulated. The tests
are part of a modelling challenge made by the University of Southampton, Beaven et al.
[16]. A description of the experimental setup together with data on waste composition
and leachate chemistry during the first two months is provided. The participants of the
challenge are asked to predict the future evolution of the experiments. The test series
comprises originally four consolidating anaerobic reators of which two are referred to in
the modelling challenge, herein denoted as CAR 1 and CAR 2. The complete experimen-
tal programme is described in detail by Ivanova [118]. The test is already referred to in
section 3.4 to show the properties of the degradation model by a local analysis.
Each lysimeter consists of a perspex cylinder, 48 cm in diameter and 90 cm in height. A
sample of 27 kg fresh waste is placed into the cylinder and covered both on top and on
bottom by a geotextile and a gravel drainage layer. The composition of the used waste is
shown in section 3.5.4 where intrinsic density and thermal conductivity are estimated for
the selected material, table 3.10. The sample in CAR 1 is loaded by 150 kPa, the sample
in CAR 2 by 50 kPa. Over the entire test duration of 919 days, settlements as well as
volume and composition of gas and leachate are measured on a regular basis. By heating
blankets, the lysimeters are kept at a temperature of Θ = 30 ◦C during the test, which
is confirmed by temperature measurements in the waste sample. Hence, the CARs are
simulated under isothermal conditions.
Figure 7.8 shows the setup of a CAR and the boundary conditions used for the simula-
tion. Displacements of the lateral boundaries are fixed in horizontal direction, whereas,
displacements of the bottom are fixed in vertical direction. A Cauchy boundary condi-
tion at the upper boundary allows the flux of both liquid and gas over the upper sample
surface. The permeability is set to a slightly lower value than that of the waste itself to
allow for free drainage. The liquid pressure at the upper surface is assumed to equal the
atmospheric pressure.
In the experiment, leachate is collected at the bottom and then recirculated, so that the
reactor remains nearly saturated. In the simulation, the boundary at the bottom is set
impermeable giving similar conditions. The fraction of the basic matrix is set to nB = 1.0,
as the compaction behaviour is here the governing mechanism of deformation. Parameters
are chosen in correspondence to table 3.4. First, the behaviour of CAR 1 is simulated,
whereas the parameters of the creep model are determined by fitting calculated to mea-
sured displacements. Measured cumulative gas volume is used to estimate the amount of
degradable material. Due to sample size and experimental setup, homogeneous conditions
may be presumed. Hence, an isotropic permeability is assumed. To consider the saturated
state of the sample, the liquid saturation is set to Sl = 0.99 initially. As discussed in the
previous section, a saturation of Sl = 1.0 is not possible with the presented approach
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as the mass balance of the gas phase would vanish. In that sense, the simulation of the
CAR experiments is at the limits of the models’ scope. For description of the slightly
unsaturated conditions, the Brooks and Corey approximation of the data by Stoltz and
Gourc [220] for fresh waste is used herein, see table 4.1 for ρs = 0.54Mg/m
3. Due to the
high saturation, the capillary pressure does not exceed the air entry pressure of 2.95 kPa
considerably.
The initial sample height of 0.8m corresponds to a sample volume of ∼ 0.145m3 and a
partial solid dry density of ρs = 186.5 kg/m
3. The loads are applied within a time period
of 24 h in the simulations.
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Figure 7.8: CAR lysimeter experiments. Setup for modelling with boundary conditions
and waste heights after load application
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7.2.1 Simulation of CAR 1
During the three-year test period, a cumulative gas volume of ∼ 8300 l is measured for
CAR 1, see figure 7.9 (b) and (d). Assuming that the gas consists of methane and carbon
dioxide only and that gas volume is determined at Θ = 303K in the test, a partial density
of organic matter of ρDOs = 51.31 kg/m
3, corresponding to 7.44 kg organic matter, is
chosen initially with respect to the gas yield of the degradation model. Figure 7.9 (b)
and (d) compare the eﬄux of gas over the upper surface with the gas volume measured
in the experiment. The final gas volumes are in good agreement assuming that the gas
consists of methane and carbon dioxide only, fig. 7.9 (d). The total gas flux is slightly
higher in the simulation if vapour is considered as well, fig. 7.9 (b). The gas production
stops almost totally after 150 days in the simulation. The evolution of partial dry organic
density confirms, that all organic matter is degraded until that time, see figures 7.10 (b)
and 7.11. All figures of nodal values show results at a upper surface node representing the
behaviour of the entire sample due to the homogeneous conditions.
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Figure 7.9: Results of simulation of CAR 1. Surface fluxes of liquid and gas. Gas fluxes
compared with experimental data
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Very low further gas production occurs only from the lysis of biomass observable in 7.11
(b) and its subsequent degradation. The comparison of simulated and measured gas vol-
umes shows that the degradation rate is approximated very well during the first 100 days.
Then, the gas production rate declines in the experiment, which is not captured by the
model. The effect is also observed in the local analysis in section 3.4. In fact, the waste
material consists of different fractions with respect to degradability. For instance, readily,
moderately and hardly degradable material may be distinguished. A different degrada-
tion rate is to be assigned to each fraction. Thus, declining gas production rate can be
explained by readily degradable material being degraded very quickly, whereas the lysime-
ter behaviour is governed later on by the decomposition of less degradable fractions. As
only one type of organic matter is considered in the model, this effect cannot be described
yet. An indirect consideration of degradability of different components may be realised by
modifying the rate dependent on waste composition and degradation state. For instance,
a relative digestibility is suggested by Lee and Fan [140] and applied in the model by
McDougall [157].
Figure 7.9 (c) shows the gas flux separated into the components of the gas phase. After
919 d approx. 5110 l CH4, 3390 l CO2 and 360 l vapour have flowed over the upper bound-
ary. In correspondance with the degradation model, volume fractions of 60% CH4 and
40% CO2 are obtained, which matches the experimental data very well.
Figure 7.9 (a) shows the eﬄux of liquid over the upper surface. Liquid volume is 79 l
after the loading phase of 24 h, compare also figure 7.15 (b). As only the pore space is
compressed, which is almost completely filled with liquid initially, an outflux of liquid cor-
responding to the compressed volume must occur. The theoretical flux for a displacement
of 0.435m is 79 l with which simulated results are in good agreement.
Fig. 7.10 (a) compares the evolution of solid density ρs,i and porosity φ. As the two
quantities are related by eq. (4.2), the curve patterns are symmetrical with respect to
a horizontal axis. The solid density is first increased due to compaction from the initial
value of 187 kg/m3 to a value of 410 kg/m3 after loading. The same density is obtained if
the dry mass of 27 kg is related to the current volume after 0.435m of settlements. The
density is further increased due to compaction to a maximum value of almost 500 kg/m3
after 70 d. With the beginning of degradation, compare figure 7.10 (b), the density de-
creases. In contrast, the porosity is first decreased due to compaction, then increased due
to solid mass loss from degradation and again decreased due to compaction. Similarly, the
solid density with respect to the undeformed configuration ρs,i,ref reveals the solid mass
loss due to degradation, cf. 7.10 (a).
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Figure 7.10: Results of simulation of CAR 1. Relation of density evolution and settlements,
comparison with measured settlements
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At the end of the simulation, the porosity is slightly greater than φ = 0.4. Initial total
porosity is estimated by Ivanova [118] to be φ = 0.4 after loading which implies an
intrinsic density of ρ˜s = 735 kg/m
3 according to relation (4.2). This is an even lower value
for the intrinsic density than assumed in the simulation and confirms that a density of
870 kg/m3 is within a realistic range for the analysed waste. The porosity is φ = 0.5
in the simulation after loading. The total porosity at the end of the test is determined
experimentally from moisture content and tests on drainable porosity to be φ = 0.31,
which is again lower than predicted in the simulation. Deviations in porosity are attributed
to differences in estimation of ρ˜s. A back calculation assuming that only the pore volume
has been compressed and neglecting any degradation effects would give an initial porosity
of φ = 0.78 which is the same value as determined by the model for an intrinsic density
of 870 kg/m3. In general, this reveals the difficulties in determining total porosity and
intrinsic density for waste.
Fig. 7.10 (c) and (d) compare calculated displacements and measured settlements. The
sample in CAR 1 is compressed by 0.459m after 1 d which is described very well by
the simulation. Within the first 100 d, simulation results and measurements are in good
agreement as well. The settlement curve is nearly linear in a semi-logarithmic plot during
that stage. After 100 d, an increase of settlement rate is observable which is for the test
more obvious in log t scale. The acceleration is attributed to the influence of degradation.
An increase in settlements is described by the model as well but with a higher rate than
in the test. This corresponds to the gas prodcution curve which exhibits overestimated
degradation rates after its inflexion point. Ivanova et al. [119] suppose half of the secondary
settlement to be caused by biodegradation.
The parameter set for the compaction model obtained from the simulation of CAR 1 is
given in table 7.2. The parameters acr and bcr are chosen in correspondance with the
values as given in figure 5.11. The initial density of ρs = 186.5 kg/m
3 is supposed to be
the minimum density. Maximum density is supposed to equal the intrinsic density. The
model may be applied straighforward in case that a higher intrinsic density is assumed,
solely an adaptation of the parameters of the creep model is then necessary.
Table 7.2: Parameters of the compaction model for the simulation of the CARs
Acr = 0.05 h
−1 acr = 0.5
ncr = 0.8 bcr = 8.0
pcr = 8.5 ρmin = 186.5 kg/m
3 = initial density
ρmax = 870kg/m
3 = ρ˜s
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Figure 7.11: Results of the simulation of CAR 1. Comparison of densities of the solid
components
The evolution of partial density of inert material figure 7.11 (c) reveals the pattern of the
time-settlement curve as the inert material is not subject to biodegradation. Initially, the
density ρIMs is set to 135.2 kg/m
3 and increased up to ∼ 300 kg/m3 due to initial com-
paction. A slow increase occurs during primary settlement followed by a further increase
due to a higher settlement rate. Figure 7.12 (a) shows the development of liquid pressure
which is at atmospheric pressure most times.
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Figure 7.12: Results of simulation of CAR 1. Fluid pressures (a), saturations (b) and gas
fractions (c) are shown
The gas pressure exceeds the liquid pressure by approx. 3 kPa due to the applied soil water
retention curve. Liquid saturation in 7.12 (b) is close to full saturation most times. Within
the first 150 d, a slight decrease in saturation occurs which is caused by the consumption
of water during degradation. With further compaction, the deviation from the fully satu-
rated state disappears. The phase of decreasing saturation and simultaneously increasing
porosity is accompanied by slight fluctuations in pressure, cf. fig. 7.12 (a). Those fluc-
tuations have not occured in the simulation without degradation shown in section 7.2.3.
The mass fractions in the gas phase 7.12 (c) evolve according to the degradation model
considering that first the initially present acetic acid is consumed in R2, compare also the
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change of the mass fraction of acetic acid in the liquid phase w
CH3COOH
l in figure 7.13 (b).
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Figure 7.13: Results of simulation of CAR 1. Liquid fractions, (a) and (b), and pH evolu-
tion (c) are compared
The mass fractions of the liquid components are shown in figure 7.13 (a) and (b) together
with the evolution of pH in (c). As the rate of reaction step R2 is higher than the rate of
R1, the acetic acid which is produced in reaction step R1 does not accumulate. While the
mass fraction of acetic acid, w
CH3COOH
l or w
Ac
l , decreases, the fraction of H2O in the liquid
phase increases. The decrease of wAcl is accompanied by an increase in pH up to pH = 6.
The pH measured in the leachate remains nearly neutral after an initial increase up to
pH = 8 at 100d. This magnitude of pH cannot be described by the model as only acidic
components are balanced. However, the analyses by Reichel and Haarstrick [197] show
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that a realistic description of pH remains difficult because of uncertainties according to
the waste’s buffer capacity, even when using a more detailed reaction scheme. Thus, the
modelling of pH measured in waste leachate is an interesting aspect of future research.
Ivanova [118] supplements the lysimeter experiments by tests on the biochemical methane
potential of the used waste material (BMP tests). The BMP tests indicate that ∼ 6.6 kg
organic matter are degraded anaerobically within the test period of 919 d. Partial densities
in figure 7.14 are calculated from data on dry matter obtained in BMP tests and compared
with the simulation results in figure 7.14. The data should be handled with care as it
is obvious from the behaviour of CAR 2 that the reactors differ with respect to gas
production, although the same material is used for sample preparation.
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Figure 7.14: Results of simulation of CAR 1 (continuous lines). Comparison of solid densi-
ties with densities calculated from the results of BMP tests given in Ivanova
[118] (lines with data points)
The zoom on the first 100h in figure 7.15 confirms that any excess liquid pressure vanishes
very quickly, see (a) and (b), and that the initial settlements are met well, (c). The short
consolidation phase shows that the chosen hydraulic conductivity is high enough to enable
quick drainage and that the reactor is described satisfactorily using one element.
The simulation of CAR 1 and the detailed presentation of results describing the waste
mixture point out that several quantities have to be brought in line as caused by the
complexity of the coupling.
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Figure 7.15: Results of simulation of CAR 1. Plots of liquid pressure (a), liquid surface
flux (b) and surface displacements (c) during the first 100 h. The loading
phase ends after 24 h in the simulation
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7.2.2 Simulation of CAR 2
The parameter set from table 7.2 obtained in modelling the behaviour of CAR 1 is used
for description of reactor CAR 2. The two tests are supposed to differ only by the applied
load. Although the same waste material is used, figure 7.16 (b) and (d) show that less gas
is produced in CAR 2. About 7000 l are measured after 919 d. This is met in the simulation
by reducing the contained mass of organic matter from 7.44 kg to 6.09 kg. The reason for
the different behaviour cannot be completely explained by Beaven [14]. It is likely that
the variation in composition of the waste has caused the difference in gas production as
environmental conditions are equal for both CARs due to experimental setup. Probably,
more degradable matter or a higher fraction of readily degradable waste is contained in
CAR 1. The evolution of the quantities investigated in the previous section is analogously
in CAR 2. Thus, only gas volume and settlements are discussed here more in detail.
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Figure 7.16: Results of simulation of CAR 1. Surface fluxes of liquid and gas. Gas fluxes
are compared with experimental data
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Due to the lower loading, the compaction of the sample in CAR 2 is less than in CAR 1.
The initial settlement is ∼ 0.4m which increases up to ∼ 0.5m during stages of primary
and secondary settlements, 7.17 (c) and (d). Less liquid flux occurs due to less compression
of the sample, 7.16 (a). Evolution of gas fractions is analogous to CAR 1, figure 7.16 (c). As
shown in the corresponding plot for CAR 1, figure 7.10, an increase of settlement rate after
100d is observable on semilogarithmic scale in figure 7.17 (d). Again, this acceleration is
attributed to solid mass loss from degradation and overestimated by the simulation. As
in the simulation of CAR 1 the reason is the non-optimal approximation of degradation.
Similar to the simulation of CAR 1, all organic matter is already decomposed after 200 d.
Evolution of solid densities and porosity is also similar to CAR 2, the final porosity is
around φ = 0.5 in the simulation, compare 7.17 (a). In the tests porosity is determined
to φ = 0.52 after loading and φ = 0.31 at the end of the experiments.
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Figure 7.17: Results of simulation of CAR 1. Relation of density evolution and settlements.
Comparison with measured settlements
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7.2.3 Comparative Simulations without Degradation
Finally, the two experiments are simulated while degradation is disabled by assuming
that the waste sample consists of inert matter only (⇒ ρDOs,0 = 0.0, ρXs,0 = 0.0 and ρIMs,0 =
186.5 kg/m3). In fact, a control reactor in which the sample is acidified in order to inhibit
degradation is part of the test programme. Despite the special treatment, gas production
starts after 280 days, proving the establishment of milieu conditions, which are appropriate
for anaerobic degradation. Hence, the reactor is not used for validation in this thesis.
Figure 7.18 shows the evolution of solid densities. Due to the absence of decomposition,
solid density is increased monotonically in both CARs. Slightly higher values are obtained
at the end of the test compared to the previous simulations. Settlements are compared
with the displacements obtained in sections 7.2.1 and 7.2.2. Figure 7.18, (b) and (c), show
that no acceleration of settlement is observed in the simulation if degradation does not
occur.
The simulations of the CARs show that the model is able to reproduce the different
settlement mechanisms as described in figure 5.2 separately. Hence, the model is very
flexible and considers instationary changes in the waste state automatically.
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Figure 7.18: Results of simulation of CAR 1 and CAR 2. Comparison of results from
sections 7.2.1 and 7.2.2 with results from simulation without degradation
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7.3 Coupled Analyses of a Landfill Structure
The following examples show the capabilities and characteristics of the developed model
in investigations of coupled processes in a landfill structure. The analysed landfill is 130m
wide at the base and 25m high with a lateral slope inclination of 1:2. Exploiting symme-
try, only half the cross section is considered. All analyses are performed for the case of
plane strain. Figure 7.19 explains the setting of boundary conditions and table 7.3 lists a
basic set of initial conditions and parameters. Some of them are modified throughout the
particular examples which is described in the corresponding sections. The basic parameter
set is selected with respect to the results of chapters 3, 4 and 5.
The maximum solid density ρ˜s is chosen based on the results from section 3.5.4 for the
NMS waste. Initial spatial distribution over the landfill cross section is assumed to be ho-
mogeneous in the basic set. The initial porosity is determined from the solid bulk density
by equation (4.2).
Parameters of elasticity and spontaneous plasticity are taken from section 5.2. The pa-
rameters of the creep model are listed in table 7.3. They are chosen different from the
CAR experiments as the landfilled waste is much more dense than the waste samples used
in the CAR experiments. Initial permeability is set to a relatively high value in the range
of a sandy gravel assuming a ratio of 1:10 for vertical to horizontal permeability. The
permeability of the bottom layer is by a factor of 1× 105 less than the permeability of
the waste in order to describe a mineral liner. Fibres’ content is nF = 0.05 in all analyses.
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Figure 7.19: Boundary and initial conditions for analyses of a landfill structure
140
A relatively coarse structured mesh is used in order to reduce computational time. The
governing physical fields are discretised by 10 elements in height and 23 elements in width.
Due to the shape of the landfill, mesh width increases from top to bottom.
The following examples include long-term analyses over periods of up to almost 30 years.
Nodes A, B and C in figure 7.19 are referred to when discussing the results of the simu-
lations.
Table 7.3: Basic set of parameters and initial conditions for the analysed landfill structure
Initial conditions
Saturation Sl = 0.65 Organic matter ρ
DO
s = 100 kg/m
3
Dry density ρs = 500 kg/m
3 Inert matter ρIMs = 400 kg/m
3
Kh 4.5× 10−11m2 Biomass ρXs = 6× 10−2 kg/m3
Kv 4.5× 10−12m2 Acetic acid wAcl = 1.0× 10−8
Liquid pressure pl = patm Methane w
CH4
g = 2.5× 10−3
Temperature Θ = 303K
Parameters for creep model Parameters of degradation model
ρmin 500 kg/m
3 Hydrolysis rate µmax,R1 = 5× 10−7 s−1
ρmax = ρ˜S 1042 kg/m
3 Methanog. rate µmax,R2 = 4.6× 10−5 s−1
Acr 9.22× 10−5 h−1 Monod const. R1 Ks,R1 = 70 kg/m3
ncr 0.939 Monod const. R2 Ks,R2 = 3 kg/m
3
pcr 10.11 Heat cond. λs = 1.5× 10−4 kW/(m ·K)
acr 0.5 fw set 1 in figure 3.10
bcr 25.55 fΘ set 1 in table 3.3
fpH set 4 in figure 3.9
Other parameters
Atm. pressure patm = 1× 105 kPa Fibres content nF = 0.05
Res. gas satur. Sg,res = 0.01
7.3.1 Influence of Organic Matter Content on Settlements
The first model application focuses on the influence of varying initial organic matter
content on settlements and degradation over a period of 27 years. To exclude any transient
influence of temperature, the simulations are first performed under isothermal conditions
at a temperature of Θ = 30 ◦C. For influences of temperature and liquid on the reactions
rates of anaerobic biological degradation, the sets fΘ,set 1 and fΘ,set 2 from figure 3.6 are
used. Also the influence of temperature on lysis is considered as plotted in figure 3.6.
Three cases are examined: case 1 considers a solid phase made up of inert material only
and in cases 2 and 3, initial organic matter content is 20% and 30% respectively (in
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terms of solid dry mass organic matter per total solid dry mass). Initially, a homogeneous
distribution of organic matter is assumed.
Figure 7.20 compares the time-settlement curve of the upper surface node A for the three
cases. Initial settlement due to loading is 1.5m, whereas settlement rate is high in the
beginning and then decreases while solid density is increased, compare figure 7.22. The
decrease in creep rate is due to the density dependent formulation of the compaction
model as given by (5.23) and (5.26). The contour plots of solid density at different times
in figure 7.23 show that compaction increases with depth due to the higher overburden
pressure. Thus, the pattern of density distribution becomes very similar to that of the
vertical stresses of the basic matrix, see figure 7.24 (c) and (d). After five years, surface
settlement is 2.5m or nearly 10% of initial height while solid density has increased from
500kg/m3 to 550 kg/m3. Until that point, the time-settlement curves of the three cases
nearly coincide.
Subsequently, the settlement rate starts to increase in cases 2 and 3. According to the
change in organic matter in node B shown in figure 7.21, it is obvious that this point is
related to the point when conditions for degradation have improved. In fact, degradation
starts from the very beginning of the simulation but the rate is low as implied by the
assumed maximum rate of hydrolysis µmax,R1 and the initial biomass concentration. While
biomass is growing, degradation rate is increased due to the application of Monod kinetics
in the reaction model.
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Figure 7.20: Time-settlement curves of node A for three cases with different initial organic
matter content
Organic matter decomposition causes a solid mass loss, hence, total solid density starts
to decrease as well. This triggers additional settlements as given by the formulation of
the creep rate. The first inflexion point in the time-settlement curve nearly coincides with
the point of maximum solid density. The evolution of solid density indicates that the
rate of solid mass loss is higher than the settlement rate in the phase between five and
ten years. Thus, the maximum in density is followed by a phase of interim loosening,
whereas the magnitude of density does not drop below the initial density in this case.
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While degradation diminishes after 10 years, total density increases again due to additional
compaction. Settlement rate is lower at that time than in the initial compaction phase
which is due to the continuous decay of biomass and due to decreased overburden pressure.
The overall solid mass loss leads to a decrease in self weight, and thus the compressive
vertical stresses in the basic matrix are reduced, see figure 7.24 (d) in comparison to 7.24
(c). Recalling the stress dependency of the compaction model, it is obvious that settlement
rate is less than in the beginning of the simulation.
Degradation proceeds slightly faster in case 3 than in case 2 because of the initially
higher density of organic matter in conjunction with the application of Monod kinetics.
In the current model formulation, compaction causes an acceleration of decomposition.
The density with respect to the current configuration is used in the Monod kinetics of
hydrolysis step R1 but the Monod constant is not transformed and remains related to the
reference configuration.
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Figure 7.21: Evolution of organic matter content in B for three cases with different initial
organic matter content
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Figure 7.22: Evolution of total partial solid density in B for three cases with different
organic matter content
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Figure 7.23: Contour plots of partial total solid dry density at different times for case 2,
i.e. 20% organic matter initally
To exclude this effect, the Monod constant may be related to the deformed configuration
by the determinant of the deformation gradient. Alternatively, a further extension of the
model could include a sorption step similar to Reichel and Haarstrick [197] so that organic
matter is present in dissolved form. Monod kinetics may then be expressed in terms of
concentrations and any density transformation is avoided.
Figure 7.21 shows that after 15 years almost all organic matter is degraded. The spatial
variation of decompostion rate is very low due to the uniform environmental conditions
as shown from the contour plots (a) and (b) in figure 7.25. Partly, organic matter is
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assimilated in the growth of biomass up to a maximum density of 4 kg/m3 which then
continuously decays, compare evolution of partial density of biomass in figure 7.26 (c). As
degradation declines, the settlement rate declines as well.
The time-settlement curves prove that the higher the initial organic matter content is, the
higher the final settlements are if all organic matter is decomposed. The same observations
are for instance made by Wardwell and Nelson [238]. In case 1, settlements after 27 years
are about 12% of initial height whereas they are up to 26% and 34% in cases 2 and 3.
As shown in section 5.1.3, such magnitudes are in the range of settlements observed on
landfill sites.
Figure 7.24, (a) and (b), show horizontal stresses of the fibres at 2.2 years and at 27 years.
Horizontal stresses concentrate in the center of the landfill. This can be explained by the
lateral strain of the basic matrix which is constrained by the fibres. Close to the bottom,
the fibre stresses decrease down to zero. The boundary is fixed horizontally, hence, no
lateral strain is possible.
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Figure 7.24: Vertical stresses of the basic matrix σBzz and horizontal stresses of the fibres
σFxx at different times for case 2, i.e. 20% organic matter initially
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The pattern of porosity is directly linked to the density pattern, compare figures 7.23 and
7.25 (c) and (d). Especially in the outer layer, porosity increases due to degradation. In
the center, porosity change is characterised by a decrease due to compaction, an increase
from degradation and subsequent decrease from progressing compaction. In accordance
with spatial density distribution, the porosity is about φ = 0.43 after 27 years at the base
and with φ = 0.52 about 20% greater in the surface layer.
The contour plots of solid density at different times in figure 7.23 reveal the density
decrease and increase observed in figure 7.22. Thereby, the typical pattern of high com-
paction close to the landfill base and low compaction near to the surface is maintained
over time. At the base, the dry density is about ρs = 600 kg/m
3 after 27 years. A greater or
lower compaction can be described by adopting the parameters acr and bcr or ρmax which
influence the infinite density in equation (5.26). For parameter determination, oedometric
tests at different loadings are required.
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Figure 7.25: Contour plots of organic matter and porosity at different times for case 2,
i.e. 20% organic matter initially
In figure 7.26 (b), different densities are plotted in one graph to show their relation. Con-
trary to total solid density, the density of inert matter increases monotonically. In figure
7.26 (a), the vertical displacement in A is shown in comparison with that in the inner
nodes B and C. Settlement monotonically increases in all nodes. This confirms that the
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phases of density decrease may not be attributed to an uplift caused by excess pressure
as for example observed by Ricken and Ustohalova [199].
In the long-term simulation, settlements seem to decline initially but are then suddenly
increased due to degradation. If, for example, a surface liner system had been placed on
top of the landfill, considerable damage would probably have been occured. The results
prove the importance of site data on initial organic matter content for estimation of long-
term settlements. Furthermore, they emphasise the demand for a realistic description of
degradation processes. The proposed reaction model is very sensitive to biomass concen-
tration which is, however, very difficult to measure both on site and in the lab. Practically,
samples can be analysed with respect to a particular species of microorganisms but not
with respect to an overall, total solid biomass.
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Figure 7.26: Comparison of displacements, densities and porosity for case 2, i.e. 20%
organic matter initially
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Influence of Temperature on Degradation and Settlements Case 2 is addition-
ally investigated in a non-isothermal analysis. Heat generation enthalpies are set according
to section 3.5. The parameters of the degradation model are slightly modified considering
the influence of transient temperature on degradation rates. Hydrolysis rate is increased
up to µmax,R1 = 5.0× 10−6 s−1 and for influence of moisture fw,set1 is used. Two variants
with different heat conductivity of the solid phase are compared. Conductivity is chosen
to λs,1 = 0.15W/(m ·K) in variant 1 and to λs,2 = 1.0W/(m ·K) in variant 2.
Figure 7.27 shows the organic density in A and B. Due to the higher maximum reaction
rate, degradation proceeds much faster initially than observed in the previous analyses.
After 30% of organic matter are decomposed, degradation stops almost completely as
visible from the graphs in figure 7.27. From the evolution of temperature in A and B in
figure 7.28, it is obvious that the stop of degradation is due to the quick temperature
rise up to Θ = 80 ◦C in B. At this temperature, the value of the temperature function
becomes fΘ ≈ 0. Temperature is high in the center and approaches the outer temperature
of Θ = 20 ◦C mainly because of thermal conduction, figures 7.29 (a) and (b). While heat is
more and more transported to the outside, temperature slightly decreases to about 70 ◦C.
Conditions for degradation improve again, compare also figure 3.6, and more organic mat-
ter is degraded as shown in figure 7.27. An equilibrium stage is reached and temperature
is maintained at this level for about 15 years.
At the surface node A, degradation proceeds more uniformly due to the constantly lower
temperature. Hence, no sudden stop of degradation is observed close to the surface.
Settlements differ mainly in the interim stage between 10 years and 20 years whereas the
final compaction is similar to the isothermal analysis, see figure 7.30. Temperature rise is
supposed to be overestimated by the model considering the temperature measurements
on site by Mora Naranjo [170]. The overheating is a combined effect of maximum degra-
dation rate, the function for temperature influence on degradation rates and the heat
conductivity of the waste mixture.
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Figure 7.27: Partial density of organic matter at different nodes as influenced by heat
generation. The density evolutions at node A coincide.
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Figure 7.28: Temperature at different nodes for the two variants. The temperature evolu-
tions at node A coincide.
The contour plots of temperature at different times in figure 7.29 show that increased heat
is present over a broader area of the landfill for the material with lower heat conductivity.
The example shows that the model may describe the temperature evolution in landfills
but it is of high importance that reliable data on heat conductivity and degradation rates
is available.
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Figure 7.29: Contour plots of temperatures at different times for two solid heat conduc-
tivities, λs,1 and λs,2
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Figure 7.30: Time-settlement curves of node A for two different variants with λs,1 and λs,2
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7.3.2 Simulation of a Gas Extraction System
Along with the anaerobic biological degradation of organic matter, landfill gas is pro-
duced. It is composed of carbon dioxide and methane mainly. The landfill gas can be
collected and flared or, if possible, utilised in a gas engine to generate power. Simultane-
ously, harmful impacts on climate are reduced. A crucial point is usually the estimation of
gas volume and its composition. If the fraction of the originary landfill gas is too low, the
engine cannot be run effectively. Hence, tools for designing landfill gas extraction systems
are of avail for landfill operators.
With the description of a horizontal gas collection system, this example shows a corre-
sponding application of the proposed model. An inner Cauchy boundary condition is used
to describe an active gas extraction. It is asssumed that the extraction pipe is placed
exactly horizontally as shown in figure 7.31, whereas, in practice the pipes would be em-
placed with a slight slope to separate condensate. The analysis is performed for an initial
organic matter content of 20%.
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Figure 7.31: Description of a horizontal gas extraction system within the landfill
The gas phase of the developed model comprises only carbon dioxide, methane and vapour
as components. To distinguish the air within the landfill from the outer air initially, the
mass fraction of methane is set to a very low value of 2.5× 10−3 outside the landfill
whereas it is high within the landfill. The intended purpose is to have an indicator on
whether air from outside is sucked into the landfill body. When operating an active gas
extraction system this is ususally tried to avoide. The soaking of extraneous air might
lead to aerobic conditions so that less methane is produced and the effectiveness of the
engine is reduced. Hence, a low applied vacuum is usually chosen. It should, however, be
of such magnitude that as less landfill gas as possible leaves the landfill body by diffuse
emissions over the surface. In [180] a maximum suction of 200mbar is given, whereas in
[205] a suction of 50mbar is used. Two cases with pg,o,1 = 50mbar and pg,o,2 = 20mbar
are compared in the simulations. The permeability of the waste is Kh = 1× 10−12m2
and Kv = 1× 10−13m2 in this example. At t = 2.2 years = tE the extraction system
is activated. The simulations are performed under isothermal conditions at Θ = 303K
to ensure uniform degradation. For case pg,o,1 two variants are compared to analyse the
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influence of deformation on gas flow. Variant 1 assumes κφ = 1.0 in (4.10), whereas
variant 2 assumes κφ = 10.0 implying a higher decrease in permeability in variant 2 due
to compaction.
Figure 7.32 (a)-(d) show the spatial distribution of gas pressure for the two variants. At
0.5 h after activation of gas collection, the effect of gas extraction is already visible from
the negative pressure close to the extraction pipe in figure 7.32 (a) and (b). The vacuum
propagates faster for κφ = 1 due to the higher permeability upon deformation. After 33 h
a larger area of the landfill cross section is under negative pressure, compare figures 7.32,
(c) and (d). In the center zone, the pressure is lower over a larger area in case of κφ = 1.
0 10 20 30 40 50 60
0
5
10
15
20
25
30
95000 96400 97800 99200
0 10 20 30 40 50 60
0
5
10
15
20
25
30
95000 96400 97800 99200
0 10 20 30 40 50 60
0
5
10
15
20
25
30
95000 96400 97800 99200
0 10 20 30 40 50 60
0
5
10
15
20
25
30
95000 96400 97800 99200
0 10 20 30 40 50 60
0
5
10
15
20
25
30
0.02 0.06 0.1 0.14 0.18 0.22
0 10 20 30 40 50 60
0
5
10
15
20
25
30
0.02 0.06 0.1 0.14 0.18 0.22
(a) pg (Pa) at t = tE + 0.5 h, κφ = 1.0 (b) pg (Pa) at t = tE + 0.5 h, κφ = 10.0
(c) pg (Pa) at t = tE + 33h, κφ = 1.0 (d) pg (Pa) at t = tE + 33h, κφ = 10.0
(e) w
CH4
g (-) at t = tE + 33h, κφ = 1.0 (f) w
CH4
g (-) at t = tE + 33h, κφ = 10.0
Figure 7.32: Contour plots of gas pressure and methane fraction at different times after ini-
tiation of gas extraction. Influence of deformation for pg,o,1 = patm− 50mbar
by comparing analyses with κφ = 1.0 and κφ = 10.0
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The contour plots of methane fraction in figure 7.32 (e) and (f) show that air is sucked
in from outside and that it has infiltrated deeper into the landfill for the case with higher
permeability κφ = 1 than for κφ = 10 after 33 h. The figures also show that the extraneous
air spreads faster in horizontal than in vertical direction due to the higher horizontal
permeability.
Figure 7.33 compares the cumulative outflux of gas over the entire simulation period of
27 years for the analysed variants.
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Figure 7.33: Comparison of eﬄux of gas. Gas volumes are determined for a temperature
of Θ = 303K
For pg,o,1 about 1× 106m3 gas are extracted after 27 years. In MUV [180] extracted gas
volumes up to 5.5× 105m3 per year for the entire landfill are reported, so the results are
within a realistic range. In case of pg,o,2 the extracted volume is accordingly less.
In case of pg,o,1 only less than 10% of the collected gas is methane. The reason for not
obtaining a ratio close to the typical ratio of 60% to 40% is the limited gas composition
that can be described by the model. The extraction is switched on after 2.2 years. As
shown in figures 7.32 (e) and (f) outer air is sucked in. This air has a low methane content
and thus a high CO2 content. The outer air affects the composition of the extracted gas
volumes in the observed manner. This is proven by analysing case pg,o,2. The extracted
volume of methane is nearly the same, but the volume of CO2 has considerably decreased,
it is less than 50% as in the case with 50mbar of suction. A comparative analysis without
an inner gas extraction system gives ratios of about 50% of methane and 50% of car-
bon dioxide. From the obtained gas production curve it is obvious that gas production
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is strongly related to degradation. Settlements ad degradation of organic matter proceed
analogously to the first example in case of 20% organic matter, see figures 7.20 and 7.21.
It is concluded that in further extensions of the model additional gas components to
describe ambient air, i.e. nitrogen and oxygen, may be included. Additionally, the degra-
dation model may be supplemented by an aerobic pathway. Then, such an example can be
described more realistically. Furthermore, the model could be applied to describe aerobic
degradation from artifical aeration. The effect of deformation on hydraulic parameters is
relatively low in this example, but nevertheless it is concluded that this influence has to
be kept in long-term modelling of landfills, as the influence may vary as the cases arises.
As porosity is related to density, also the change of permeability due to change in solid
mass is considered, e.g. biofilm growth.
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7.3.3 Modelling of an Infiltration Layer
Sufficient moisture content is essential to provide optimum conditions for biological activ-
ity. Therefore, on some landfill sites methods are applied which aim at enhancing moisture
content to accelerate degradation. For example, collected leachate may be recirculated.
The objective is to achieve a stable inert state of the disposed waste as soon as possible.
This reduces monitoring effort and shortens landfill aftercare phase.
In the present example, a horizontal infiltration layer inside the landfill is described. Sim-
ilarly to modelling the gas extraction system, a Cauchy boundary condition is set within
the landfill. The liquid pressure outside the landfill pl,o, which is needed for the Cauchy
boundary condition, is set to a pressure of 150mbar above atmospheric pressure. Depend-
ing on the inner landfill pressure, a pressure gradient evolves which induces a liquid flux
into the waste. Like the Cauchy boundary condition for gas extraction, the boundary
condition for infiltration is set at the boundaries of finite elements. This corresponds to
the centers of a horizontal row of boxes.
The Cauchy boundary condition is again preferred here to a fixed flux by a Neumann
condition, as it takes the inner, transient state into account. A fixed volume flux has to
be set carefully with respect to porosity and permeability of the material, ensuring that
the flux is physically possible.
The saturation outside the inner boundary is set to Sl,o = 0.99 so that mainly liquid flux,
but also a very low gas flux is present. This avoids the problem of obtaining gas saturations
which are too close to Sg = 0.0, compare the discussion of initial saturation when simu-
lating the ALERT benchmark in section 7.1. The infiltration starts at t = 2.2 years = tI
and is deactivated after three weeks. The temperature of the infiltrating liquid is set to
Θl,o = 293K.
In total, five cases are investigated, their differences are shown by table 7.4. Case 1 is the
basic case and discussed first. Organic matter content is 10% in all cases.
Figure 7.35 (a) shows a contour plot of liquid saturation at 30min after beginning of
infiltration. The saturation is high at the bottom due to leachate that has percolated
downwards in the 2.2 years before the infiltration and has not left the landfill body due
to the low permeability of the mineral base liner.
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Figure 7.34: Description of a horizontal infiltration system within the landfill
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Table 7.4: Analyed cases in infiltration example
SWCC κφ Sl,0
Case 1 set 1 10.0 0.75
Case 2 set 1 1.0 0.75
Case 3 set 2 10.0 0.75
Case 4 set 1 10.0 0.25
Case 5 set 2 10.0 0.25
The SWCC sets refer to the data by
Bente and McDougall [20] in table 4.1.
Furthermore, an area of high saturation has evolved around the infiltration layer. In
the remainder zones of the landfill cross section, saturation is about Sl = 0.7, which is
determined mainly by the water retention curve. After 20 d, saturation has remarkably
increased up to almost full saturation in the landfill zone below the infiltration layer, fig.
7.35 (b). Correspondingly, liquid pressure evolves as shown in figures 7.35 (c) and (d).
Pressure distribution below the infiltration layer is related to a waste column of about
10m which is nearly saturated.
Figure 7.35 (e) shows the spatial distribution of temperature 30min after infiltration is
started. Right before infiltration, temperature has rised up to 80 ◦C in the landfill center.
After liquid influx begins, the temperature decreases around the infiltration area because
the inflowing liquid has a temperature of 293K. After 20 d, 7.35 (f), a larger area with
a temperature around 20 ◦C is present, whereas the temperature is higher in the landfill
center.
The distribution of organic matter in figures 7.35 (g) and (h) indicates that under the
influence of temperature best milieu conditions for degradation are created in a layer
about 3m away from the landfill surface in this example.
To show the immense effect of the water retention curve on the simulation results, in
case 3 an SWCC that leads to a lower moisture retention capacity is used. Figure 7.36
compares saturations after 30 min and 20 d. Because of the lower moisture retention
capacity, a higher amount of the initially stored liquid drains downwards and flows out of
the landfill via the base liner, 7.36 (a) and (b). Thus, lowest saturation is about Sl = 0.45
whereas it is Sl = 0.72 in case 1. The increased loss in moisture is confirmed by cumulative
water outflux vs. time in figure 7.37. In both cases, outflux rate decreases with time until
infiltration starts. In case 1 an eﬄux of 40m3 is observed after 2.2 years whereas a volume
of 100m3 is obtained in case 3. In a very short period after activation of infiltration the
outflux increases. In case 1 a volume of 850m3 infiltrates into the landfill, in case 3 an
influx of 560m3 is observed. The infiltrated liquid percolates downwards and leaves the
landfill body with delay via the bottom liner and partly also the lateral boundary.
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Figure 7.35: Comparison of different quantities for infiltration example. Contour plots at
different times after activation of infiltration for case 1
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Figure 7.36: Comparison of saturation for two cases of SWCCs, case 1 and case 3
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Figure 7.37: Comparison of outflux and influx of water over Cauchy boundaries for case 1,
case 2, and case 3
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Figure 7.38: Comparison of degradation and settlements in description of an infiltration
system using two different SWCCs. In case 1 the SWCC implies a higher
moisture retention capacity compared to case 3
Furthermore, the influence of deformation on permeability is investigated by comparing
case 1 and case 2. In the beginning, almost no difference in ouflux is observable in figure
7.37. But more liquid is able to infiltrate the waste due to its higher permeability in case 2.
The final relation between eﬄux and influx is equal in both cases.
Figure 7.38 shows the evolution of settlemens and density of organic matter for case 1 and
case 3. The difference in settlements are influenced by different degradation rates and by
the reduced moisture content which reduces the self-weight of the material. Degradation
rate is higher in case 1 but then decreased due to temperature rise. While temperature is
reduced, degradation rate increases again. In case 3 the heat generation rate and the rate
with which heat is transported to the boundary are more attuned. So, the temperature
rise and the sudden stop in degradation do not occur in the simulation. The uplift within
the infiltration phase is attributed to pressure increase.
Case 4 and case 5 show the influence of moisture enhancement on degradation. First, the
initial saturation is set to a low value of Sl = 0.25 describing relatively dry conditions. Like
for case 1 and case 3, two moisture retention curves are compared. Figure 7.39 (a) shows
that until beginning of infiltration the time-settlement curves are equal in case 4 and
case 5. Any difference does not occur yet as in case 1 and case 3. Because of the initially
very low moisture content the relative permeability of liquid is very low and, thus, nearly
no liquid flows out of the landfill body. Due to the very low water content, the value of fw
is nearly zero initially which inactivates degradation, see figure 7.39 (b). As infiltration
starts, saturation at the inner node B increases rapidly up to almost full saturation,
see figure 7.39 (c). Then, degradation is initiated due to increasing moisture. As in the
previous non-isothermal examples, temperature rise limits degradation. Decomposition
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proceeds faster in case of higher moisture retention capacity of the waste in case 4 as less
moisture drains downwards.
The application shows that the model may be applied to design infiltration systems, for
example with respect to infiltration rate or distance of infiltration pipes. A prerequisite
is, that sufficient data on moisture retention capacity of the waste and on permeability
is available. If description of degradation is included, reaction rates have to be known.
Special focus has to be laid on the influence functions for the effect of moisture content
on biological activity.
Further analyses may provide an in-depths understanding of the overheating induced by
the degradation in the simulations. It is assumed that degradation in reality proceeds
more uniformly, for exact conclusions tests on site are necessary including temperature
measurement. With respect to the active infiltration at landfills, site tests may also include
distributed measurement of moisture content, see for example Cle´ment et al. [40]. Within
SFB 477, a project carried out at the Institut of Biochemical Engineering focuses on
corresponding measurement techniques, Fischer [80].
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Figure 7.39: Comparison of settlement in A, organic matter and saturation in B for cases 4
and 5. The two thin lines mark the infiltration interval of 3 weeks
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7.3.4 Landfill with Inhomogeneous Density Distribution
The last subsection shows two examples with an initially heterogeneous dry density distri-
bution. Spatially varying densities are present on site due to fluctuations in the disposed
waste material or due to different compaction impact in landfill infilling history. Further-
more, during landfill operation emplaced waste is sometimes moved to other parts of the
landfill which may induce variations in density as well. For pratical applications
Inhomogeneous Organic Matter Content In the first example, density of organic
matter is varied randomly in the range from 100 kg/m3 to 120 kg/m3, whereas an overall
solid bulk density of 500 kg/m3 is maintained. An isothermal analysis at Θ = 303K
(case 1) is compared with a non-isothermal variant (case 2). The temperature functions
fΘ, set2 are used, which assume optimum conditions for hydrolysis around 293K.
Figure 7.40 plots settlement and organic density vs. time. Degradation proceeds faster in
the outer layer due to optimum temperatures. While organic matter is degraded quickly in
node A, it is decomposed more slowly in node B, i.e. in the center, in the non-isothermal
case. Degradation is deccelerated which influences settlement rate.
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Figure 7.40: Influence of heat generation on degradation and settlements
Figure 7.41 (a) and (b) show the organic density w.r.t. the reference configuration after
2.2 years for the two cases. Spatial distributions are visibly equal. After 13.2 a (c) and (d)
a relatively high fraction is decomposed in the isothermal case, on average 80% of ini-
tial content. In the non-isothermal case, organic matter is hardly reduced until that time.
Temperature distributions after 2.2 years and 13.2 years (e) and (f) show that the different
behaviour is due to heat generation. As Θ = 303K = const. in case 1 and Θo = 293K
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in case 2 the densities ρDOs,ref at the landfill surface do not coincide. Temperature rises up
to 52 ◦C, which is less than in the previous non-isothermal example. The reason is, that
degradation stops already at lower temperatures due to the different parameter set for
function fΘ. The example confirms that maximum temperature in the waste is not only
governed by the waste’s heat conductivity but also by the applied temperature influence
function fΘ. Furthermore, the examples shows that the model is also applicable on land-
fills with a heterogeneous organic matter content. For practical applications, however,
convergence properties should be improved by using finer meshes, for which a parallel
code is supposed to be necessary.
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Figure 7.41: Comparison of organic matter content and temperature for isothermal and
non-isothermal case at different times
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Inhomogeneous Solid Density In the second example, the total solid density varies
over the entire landfill cross section initially. Thereby, biomass ρXs is varied between
10 kg/m3 and 20 kg/m3, organic matter ρDOs varies from 100 kg/m
3 to 140 kg/m3, and
inert matter ρIMs varies from 400 kg/m
3 to 500 kg/m3. The density values are created us-
ing random numbers in the considered ranges. Degradation rates are low in this example
to notice if and how the density variation is retained during the process of deformation.
To increase settlement rate a higher maximum density of ρmax = 1200kg/m
3 is chosen in
the compaction model.
Figure 7.42 (a) shows the initial variation of solid dry density. The contour plot of vertical
stress in the basic matrix in (c) shows that the differences in density are counterbalanced
in this case so that a quite uniform pattern of stress distribution is obtained in the be-
ginning. After 27 years variations in stress are present caused by differences in density.
Density variation after 27 years is shown in figure 7.42 (e). The initial pattern of variation
has approached the typical pattern observable in the previous examples, e.g. figure 7.23.
The density increases from top to bottom of the landfill. Local differences in settlements
are obvious from the contour plot of inelastic Almansi strain in (g). The lower the local
initial density, the higher the local deformation, compare figure 7.42 (b) and (h).
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Figure 7.42: Comparison of contour plots of density, stress and strain for initially hetero-
geneous dry solid bulk density
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7.4 Discussion and Outlook
Landfill models of different levels of complexity have been developed so far. Some models
consider the entire landfill as a control volume over which fluxes are balanced (some-
times termed Black-Box models). Other models resolve the landfill spatially by layers or
elements. A trend to the latter type of models is observable and also the advantages of
models that are able to describe the complex interactions in landfills are recognised, es-
pecially with respect to long-term prognoses. Advanced numerical landfill modelling has
reached a broad acceptance in the international research community, which is shown by
the number of responses to the HPM2 modelling challenge presented in [14]. There is,
however, not the same level of acceptance of such models in engineering practice yet,
although encouraging examples exist, e.g. the applications by Ricken et al. [200], Lopez
et al. [146] and Martinez et al. [154]. A major cause is supposed to be the models’ com-
plexity that requires an extensive experimental effort to determine the increased number
of input parameters.
Some parameters do not coincide with physical quantities that are determinable directly
by laboratory experiments or usually measured on site. Thus, results of simulations are fit-
ted against available monitoring data. The parameter set can be obtained by comparing
simulations using different sets, or, more systematically, by methods like genetic algo-
rithms and Monte Carlo simulations. Even if the fitting succeeds, it needs to be discussed
if the obtained parameter set is unique, or if another parameter set could describe the
experimental results similarly.
Regarding the proposed model, the simulations show that degradation processes govern
landfill behaviour considerably. They influence composition of gas and leachate and have
a significant effect on magnitude of settlements. The time-dependency of degradation is
influenced by degradation rate. To describe, for example, a measured time-dependent gas
production curve, biomass concentration, the kinetics’ constants or the functions for influ-
ence of environmental conditions could be modified. The results may coincide in a short
term but not if the milieu conditions of the landfill change in the long term. A quantity
which is difficult to determine in particular is the biomass concentration. It is usually
not possible to measure an overall biomass concentration in a waste sample or a leachate
sample, which, however, would be essential for model validation, due to its high sensitiv-
ity to biomass concentration. Furthermore, experiments show that biological activity is
very sensitive to heat generation, which requires determination of thermal conductivity
of the waste or site measurements of temperature. If heat generation rate is higher than
heat flux, the overheating of the landfill body may inhibit degradation totally. Further
parameter studies are required to analyse this effect in detail. Hence, a comprehensive ex-
perimental programme that includes site measurements and laboratory tests is required
to provide sufficient data for model validation.
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The need of model validation against long-term site data is recognised by Elagroudy et al.
[70] in a comparison of settlement models. The authors show that the different empirical
models might diverge especially in the long term, although they all simulate the measured
data in a short term sufficiently and similarly, compare figure 5.3. The authors find that
slight variations in parameters may influence results considerably which is confirmed by
own experiences. For gas generation models, analogous observations exist. Even quite sim-
ple models with a low number of parameters might differ considerably as shown by Scharff
and Jacobs [209] who compare six models for estimating methane emissions of landfills
and give recommendations on both model documentation and application. They empha-
sise that difficulties arise already from different waste categories used in specific countries
and models. A common waste classification system, as discussed by Dixon and Jones [52]
or Lamborn [138], would facilitate comparison of models. Scharff and Jacobs conclude that
further validation using data of more landfills is necessary. Similarly, Thompson et al. [227]
stress the fact that there is insufficient validation of methane generation models against
recovery data. They compare methane generation estimates by six models with recovery
rates from 35 Canadian landfills. Although the models’ phenomenological approaches dif-
fer only slighty, the results differ considerably. Mean relative error is in the range between
−89% and +578%. Main conclusions are that site-specific data has to be used to enhance
model accuracy and that further research on degradation rates is necessary.
In addition to comparison of modelling results with site data, model intercomparison
using equal applications is considered being very important. New insights are given by
challenges like the HPM2 challenge, Beaven et al. [16]. Currently, a new modelling chal-
lenge is organised with the aim of describing the behaviour of a landfill cell, Beaven [15].
Furthermore, it may be suggested to set up a benchmark in which parameters are more
restricted, so that results of different models are better comparable. Then, the effects of
different numerical and constitutive approaches are more easily detectable. Thereby, it is
recommended to fix as many parameters as possbile a priori, at least for a basic bench-
mark case. In the HPM2 challenge, for instance, it was up to the modellers to estimate
organic fractions and rates. A more restricted benchmark could define kinetic constants
and initial values for organic matter content a priori.
Organised groups of model developers are excellent platforms for bringing together know-
ledge and experience on modelling. As such, the International Water Assosciation IWA
has established several task groups, like the anaerobic digestion modelling taskgroup, the
task group on mathematical modelling for design and operation of biological wastewater
treatment, the IWAs specialist group on multiphase flow and transport in porous media
or the task group on good modelling practice. Recently, the International Waste Working
Group IWWG has set up a task group on Landfill Modelling LMTG, so that such an
organised platform is now also available within the area of landfill modelling.
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After validation of the proposed approach against site data, the model may be extended
in different ways. Several options for model extension are summarised as follows:
- The modelling of active aeration of landfills to provide aerobic conditions may be
included. To better describe such techniques, an aerobic degradation step may be
implemented in the model. Then, the components of the gas phase have to be
supplemented by oxygen and nitrogen.
- Based on experiments on moisture retention behaviour of waste the influence of
compaction on the SWCC may be further analysed and included.
- An approach for considering the specific porosity structure in waste, including de-
scription of preferential flow, may be implemented.
- Analysis of waste within the view of unsaturated soil mechanics. The influence of
suction on mechanical strength may be analysed and the use of classical geotechnical
concepts in their application on municipal solid waste may be discussed.
- Systematical methods for developing a reduced degradation model may be applied.
For instance, a modal analysis could be used as applied within the ILDM method
(Intrinsic Low-Dimensional Manifolds in Composition Space, Maas and Pope [150]).
Model reduction should be performed with respect to improvement of pH modelling.
- Methods for inverse modelling may be developed to conclude from site data on the
state of the landfill.
- Landfills are constructed over considerably long periods of time, usually in the range
of decades. If the construction process of a landfill shall be described by a model,
it is necessary to describe the infilling process. Alternatively, sampling by drilling
may provide the required data to set initial conditions.
- The model’s scope may be modified and extended in accordance with quantities
that are measured on site.
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Table 7.5: Summary of monitoring regulation according to the German landfill act1, Ap-
pendix 5
Frequency
Measurement Operation Aftercare
Meteorological data
Precipitation daily
Temperature daily monthly mean
Wind data daily -
Evaporation daily
Emissions
Leachate amount daily half-yearly
Leachate composition quarterly half-yearly
Collected gas amount daily weekly
Gas composition monthly half-yearly
Effectiveness gas extraction half-yearly
Odourous emissions in case of odour nuisance
Ground water
Ground water level half-yearly
Composition quarterly half-yearly
Other site data
Settlements yearly
Stability analyses yearly
Structure and composition of yearly -
landfill body
Lining systems
Deformation of base liner yearly
Sewer camera inspection yearly
Temperature in liner site specific
Control of surface liner yearly
Control of sealings quarterly
Recommendations on Landfill Monitoring The findings from model development
and from the simulations are used in the following to give recommendations for landfill
monitoring. In Germany, the monitoring of landfills is currently regularised by the new
German landfill act1. Appendix 5 gives detailed instructions for operation of landfills, its
documentation and landfill monitoring. For instance, a site diary with important landfill
data must be kept. The delivered waste has to be classified, and location, date and way
of emplacement have to be recorded. A waste cadastre is required with a maximum grid
size of 2500m2 for heterogeneous waste. Yearly reports on landfill behaviour have to
be prepared. Table 7.5 summarises the monitoring guidelines and shows that detailed
regulations already exist. In addition to the regulatory demand by law, it is essential
1Verordnung zur Vereinfachung des Deponierechts, BGBl. 2009 I, S. 900., 27. April 2009
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to take into account the monitoring measures that are currently performed by landfill
operators. Furthermore, landfill site data is essential to validate the model on site scale
as seen from the discussion in the first part of this section. Hence, the Institute for
Structural Analysis has established contact with a German landfill operator. The landfill
”Wittorferfeld” in Neumu¨nster was chosen because of the very good available data basis.
The landfill operator provided comprehensive and well documented data on
- landfill geometry,
- waste amounts,
- leachate collections system,
- gas collection system,
- analysis of slope stability, and
- settlements.
A very interesting point of the landfill act is the requirement of keeping a waste cadas-
tre on site. The simulations reveal that the waste composition, especially organic matter
content, influences deformation and emission behaviour considerably. So, cadastre data
may improve accuracy of simulations and predictions. However, it is recognised that the
practicability on site may be limited. The simulations also reveal the influence of temper-
ature on biological activity as assumed in the corresponding influence functions. Even if
those functions are known correctly, the heat conductivity of the overall waste mixture
has to be known as well. Thus, for model validation, it may be recommended to measure
temperature on site. In fact, temperature probes were installed by the operator of Wit-
torferfeld but had been destroyed in the early years of operation by a lightning stroke.
Temperature data on the landfill base is, however, available from the yearly camera in-
spection of the sewers. Temperature measurements are also performed in the shafts for
leachate collection.
In addition to site measurements, shown on the example of the landfill Wittorferfeld,
laboratory tests should be performed if the proposed model is applied. Table 7.6 lists
experiments that are considered to be very important and practically feasible.
If an estimation of settlement rates is desired, it is recommended to perform oedometric
tests with the material at different loadings to determine the parameters of the creep
model. Slope failures are usually not expected if the slope inclination is low and the
drainage system is working suffciently. If landfill volume shall be exploited to a higher ex-
tent by steeper slopes for a short term tests to assess fibrous cohesion may be performed,
so that the effect can bei incorporated into slope stability assessment. Steep slopes should
be avoided in the long term due to the influence of degradation or precipitation on fibres’
strength.
If landfill operators follow the demand by the landfill act, comprehensive data for model
validation is available, whereas some additional laboratory experiments are required. It is
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Table 7.6: Recommendations on basic supplementary laboratory tests in addition to mon-
itoring on site
Field Comments
Prognosis of settlements
Oedometric tests For different loadings. In long term tests
the control of degradable matter before
and after experiment may be included.
Tensile tests If interimly steep slopes are to be
constructed or if stability of steep slopes
have to be proved.
Transport processes
Hydraulic conductivity For different densities close to proctor
density.
Unsaturated hydraulic conductivity Determination of SWCCs, if possible for
different densities. Supplementation by
outflow experiments.
Degradation processes
Degradability Organic matter content, waste
classification into readily, moderately and
hardly degradable
Kinetics Lysimeter experiments for estimation of
rates
recommended that tests performed for application of models are planned in cooperation
with model developers or organisations like the LMTG of IWWG.
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8 Summary
Disposal of municipal solid waste (MSW) remains an important part of waste management
systems worldwide. Landfills that have been constructed throughout the last decades are
still present and require considerably monitoring effort. Prognoses of landfill long-term be-
haviour are of avail for planning of monitoring programmes, for the estimation of aftercare
duration and for a safe subsequent utilisation of a landfill site. In addition to site mea-
surements, numerical models can increase the prognoses’ reliability. Therefore, approaches
are required that consider the complex interactions between deformation, degradation and
transport processe. Within this work, a new model for simultaneous coupling of stress-
deformation behaviour, transport processes and degradation, including heat generation
and physical exchange processes, in municipal solid waste landfills is presented. Key as-
pects of the model are a joint continuum mechanical framework and a monolithic solution
of the governing equations.
The Theory of Porous Media forms the continuum-mechanical framework for the model.
Interactions are considered by coupling the governing physical fields over the domain of a
representative elementary volume via selected state variables. The macroscopic approach
avoids a discrete description of the waste’s structure, which is usually unknown.
A simplified two-stage degradation model describes anaerobic, i.e. oxygen-free, biological
processes. Heat generation from exothermic reactions is considered. The applied Monod
kinetics include an instationary biomass concentration.
Transport of the leachate and the landfill gas are described by means of a generalised
Darcy law. Both fluid phases consist of several components. The influence of deformation
on the hydraulic properties porosity and permeability is considered. Since the data base
on moisture retention properties is small, model development is supplemented by experi-
mental work on the moisture retention properties of waste in cooperation with Edinburgh
Napier University. Pressure plate tests using German MBT material show the difficulties
in relating the soil water characteristic curve to any densification state. The results of the
tests are used for parameter estimation in the simulations.
The model for stress-deformation behaviour treats MSW like a composite and considers
in that way the reinforcing effect of fibrous particles. A novel creep model is presented
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which combines stress-dependency of creep rate with density-dependence. Via the solid
dry bulk density, the creep rate is coupled to degradation which enables description of
degradation-induced settlements. The concept of effective stress is included in the me-
chanical equilibrium and thus a separate description of separate settlement phenomena is
enabled. For instance, pure consolidation may be separated from compaction induced by
solid mass loss.
A combination of the Finite-Element method and the Box method is applied for spatial
discretisation of the governing physical fields. The balance equations of the fluid phases are
formulated in Eulerian description with respect to the movement of the solid phase. The
approach represents an Arbitrary Lagrangian-Eulerian (ALE) method. For discretisation
in time, the implicit Euler method is used. The nonlinear coupled system of equations is
solved monolithically by means of the Newton-Raphson method.
The model is verified and validated against a benchmark for multiphase flow and a waste
lysimeter experiment. Analyses of a landfill structure show the capabilities of the model
in the estimation of long-term settlements, in the description of a gas extraction system
and in modelling of an infiltration layer. Long-term analyses over periods of up to 30 years
as well as heterogeneous density distributions are included.
The simulation results show that the developed model is able to describe a variety of
coupled processes, if the model parameters are known. Laboratory experiments, espe-
cially on moisture retention properties and compaction behaviour are recommended to
supplement site data. By having introduced the density as an indicator for compaction,
implementation of the degradation dependence of mechanical properties can be consid-
ered straightforward. Also, a dependence on moisture content may be described.
The model represents a basis for the coupled description of landfills, from which consti-
tutive approaches may be modified or extended. Further validation of the model using
landfill site data is required.
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